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Abstract. The paper surveys some of the most recent approaches to
verification of properties, expressible in some timed and untimed tempo-
ral logics (LTL, CTL, TCTL), for real-time systems represented by time
Petri nets (TPN’s) and timed automata (TA). Firstly, various structural
translations from TPN’s to TA are discussed. Secondly, model abstrac-
tion methods, based on state class approaches for TPN’s, and on par-
tition refinement for TA, are given. Next, SAT-based verification tech-
niques, like bounded and unbounded model checking, are discussed. The
main focus is on bounded model checking for TCTL and for reachability
properties. The paper ends with a comparison of experimental results
for several time Petri nets, obtained using the above solutions, i.e., ei-
ther model abstractions for TPN’s, or a translation of a net to a timed
automaton and then verification methods for TA. The experiments have
been performed using some available tools for TA and TPN’s.

1 Introduction

Model checking provides for a promising set of techniques for hardware and
software verification. Essentially, in this formalism verifying that a property fol-
lows from a system specification amounts to checking whether or not a temporal
formula is valid on a model representing all possible computations of the system.

Recently, the interest in automated verification is moving towards concurrent
real-time systems. Several models of such systems are usually considered in the
literature, but timed automata (TA) [6] and time Petri nets (TPN’s) [51] belong
to the most widely used. For the above systems, one is, usually, interested in
checking reachability or temporal properties that are most frequently expressed
in either a standard temporal logic like LTL and CTL∗, or in a timed extension
of CTL, called TCTL [3].

⋆ Partly supported by the State Committee for Scientific Research under the grant
No. 3T11C 00426 and a special grant supporting ALFEBIITE



However, practical applicability of model checking methods is strongly lim-
ited by the state explosion problem. For real-time systems, the problem occurs
with a particular strength, which follows from infinity of the time domain. There-
fore, existing verification techniques frequently apply symbolic representations of
state spaces using either operations on Difference Bound Matrices [34], variations
of Boolean Decision Diagrams [11, 84, 84], or SAT-related algorithms. The latter
can exploit either a sequence of translations starting from timed automata and
TCTL, going via (quantified) separation logic to quantified propositional logic
and further to propositional logic [10, 57, 73] or a direct translation from timed
automata and TCTL to propositional logic [63, 86, 92]. Finite state spaces, pre-
serving properties to be checked, are usually built using detailed region approach
or (possibly minimal) abstract models based on state classes or regions. Algo-
rithms for generating such models have been defined for time Petri nets [14, 17,
35, 48, 58, 61, 82, 89], as well as for timed automata [3, 4, 21, 32, 65, 79].

It seems that in spite of the same underlying timed structure, model checking
methods for time Petri nets and timed automata have been defined indepen-
dently of each other. However, several attempts to combine the two approaches
have been already made, concerning both a structural translation of one model to
the other [28, 37, 42, 49, 64, 74] or an adaptation of existing verification methods
[35, 58, 82].

The goal of this paper is to report on a recent progress in building abstract
state spaces and application of symbolic methods for verification of both the time
Petri nets and timed automata, either directly or indirectly via a translation
from the former formalism to the latter. To this aim, firstly, various structural
translations from TPN’s to TA are discussed (see Section 3) to apply timed
automata specific methods to time Petri nets. Temporal specification languages
are introduced in Section 4. Model abstraction methods based on state classes
approaches for TPN’s and on partition refinement for TA are given in Section 5.
Next, SAT-based verification techniques, like bounded (BMC) and unbounded
model checking (UMC), are discussed in Section 6.

The idea behind BMC consists in translating the model checking problem
for an existential fragment of some temporal logic (like ECTL or TECTL) on
a fraction of a model into a test of propositional satisfiability, for which refined
tools already exist [56]. Unlike BMC, UMC [50, 73] deals with unrestricted tem-
poral logics checked on complete models at the price of a decrease of efficiency.
In this paper the main focus is on SAT-related methods of BMC for TCTL [63]
as well as for reachability and unreachability [86].

Each section of our paper is accompanied with pointers to the literature,
where descriptions of complementary verification methods can be found. The
paper ends with a comparison of experimental results for several time Petri nets,
obtained using solutions discussed in the paper, i.e., either model abstraction
techniques for TPN’s, or a translation of a net to a timed automaton and then
verification methods for TA. The experiments, described in Section 8, have been
performed using the tools: Tina [16], Kronos [91], and VerICS [31].

2



2 Main Models of Real-Time Systems

We consider two main models of real-time systems: Petri nets with time and
timed automata. First we define Petri nets, discuss their time extensions, and
provide a definition of time Petri nets. Our attention is focused on a special kind
of TPN’s - distributed time Petri nets, which are then considered in our case
studies.

The following abbreviations are used in definitions of both TA and TPN’s.
Let IR (IR+) denote the set of non-negative (positive) reals, IN (IN+) - the set of
(positive) naturals, and Q+ - the set of non-negative rational numbers,

2.1 Petri Nets with Time

We start with the standard notion of Petri nets.

Definition 1. A Petri net is a four-element tuple P = (P, T,F ,m0), where
P = {p1, . . . , pnP

} is a finite set of places, T = {t1, . . . , tnT
} is a finite set of

transitions, F : (P × T ) ∪ (T × P ) → IN is the flow function, and m0 : P → IN
is the initial marking of P.

For each transition t ∈ T we define its preset •t = {p ∈ P | F (p, t) > 0}
and its postset t• = {p ∈ P | F (t, p) > 0}. Moreover, in order to simplify some
consequent notions, we consider only the nets, for which •t and t• are non-empty,
for all transitions t. We use the following auxiliary notations and definitions:

– a marking of P is any function m : P → IN;
– a transition t ∈ T is enabled at m (m[t〉 for short) if (∀p ∈ •t) m(p) ≥ F (p, t),

and leads from marking m to m′, where for each p ∈ P , m′(p) = m(p) −
F (p, t) + F (t, p). The marking m′ is denoted by m[t〉 as well, if this does not
lead to misunderstanding;

– en(m) = {t ∈ T | m[t〉} - the set of transitions enabled at m;
– for t ∈ en(m), newly en(m, t) = {u ∈ T | u ∈ en(m[t〉) ∧ u 6∈ en(m′) with
m′(p) = m(p)−F (p, t) for each p ∈ P} - the set of transitions newly enabled
after firing t;

– a markingm is reachable if there exists a sequence of transitions t1, . . . , tl ∈ T
and a sequence of markings m0, . . . ,ml such that m0 = m0, ml = m, and
ti ∈ en(mi−1), mi = mi−1[ti〉 for each i ∈ {1, . . . , l}; the set of all the
reachable markings of P is denoted by RMP ;

– a net P is said to be bounded if all its reachable markings are bounded;
– two transitions t1, t2 ∈ T are concurrently enabled in m if t1 ∈ en(m) and
t2 ∈ en(m′) with m′(p) = m(p) − F (p, t1) for each p ∈ P ;

– a net P is sequential if none of its reachable markings concurrently enables
two transitions;

– a net P is ordinary if the flow function F maps onto {0, 1};
– a net P is 1-safe if it is ordinary and m(p) ≤ 1, for each p ∈ P and each
m ∈ RMP .
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Intuitively, Petri nets are directed weighted graphs with two types of nodes:
places (representing conditions) and transitions (representing events), whose arcs
correspond to these elements in the domain of the flow function, for which the
value of this function is positive. The arcs are assigned positive weights according
to the values of F .

The theory of Petri nets provides a general framework for modelling dis-
tributed and concurrent systems. Since for many of them timing dependencies
play an important role, a variety of extensions of the main formalism, enabling
to reason about temporal properties, has been introduced. In what follows, we
present a brief survey of the approaches, based on [23, 71].

Petri nets with timing dependencies can be classified according to the way
of specifying timing constraints (these can be timing intervals [51, 83] or single
numbers [68]), or elements of the net with which these constraints are associ-
ated (places [27], transitions [51, 68] or arcs [1, 38, 83]). The next criterion is the
interpretation of the timing constraints. When associated with a transition, the
constraint can be viewed as its firing time (a transition consumes the input to-
kens when becomes enabled, but does not create the output ones until the delay
time associated with it has elapsed [68]), holding time (when the transition fires,
the actions of removing and creating tokens are done instantaneously, but the
tokens created are not available to enable new transitions until they have been
in their output place for the time specified as the duration time of the transition
which created them [81]), or enabling time (a transition is forced to be enabled
for a specified period of time before it can fire, and tokens are removed and
created in the same instant [51]). A time associated with a place usually refers
to the period the tokens must spend in the place before becoming available to
enable a transition [27]. A timing interval on an input arc usually expresses the
conditions under which tokens can potentially leave the place using this arc [38],
whereas a timing interval on an output arc denotes the time when tokens pro-
duced on this arc become available [83]. Nets can be also classified according
to firing rules: the weak firing rule means that the time which passes between
enabling of the transition and its firing is not determined [80], the strong earliest
firing rule requires the transition to be fired as soon as it is enabled and the
appropriate timing conditions are met [38], whereas the strong latest firing rule
means that the transition can be fired in a specified period of time, but no later
than after certain time from its enabling, unless it becomes disabled by firing
of another (conflicting) one [51]. The best known timed extensions of Petri nets
are timed Petri nets by Ramchandani [68] and time Petri nets by Merlin and
Farber [51]. In this paper, we focus on the latter.

Definition 2. A time Petri net (TPN, for short) is a six-element tuple N =
(P, T,F ,m0, Eft, Lft), where (P, T,F ,m0) is a Petri net, and Eft : T → IN,
Lft : T → IN ∪ {∞} are functions describing the earliest and the latest firing
times of the transitions, where Eft(t) ≤ Lft(t) for each t ∈ T .

A concrete state σ of N is an ordered pair (m, clock), where m is a marking,
and clock : T → IR is a function which for each transition t ∈ en(m) gives
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the time elapsed since t became enabled most recently. By clock + δ we denote
the function given by (clock + δ)(t) = clock(t) + δ for all t ∈ T . Moreover,
let (m, clock) + δ denote (m, clock + δ). The concrete state space of N is a
structure Fc(N ) = (Σ, σ0,→), where Σ is the set of all the concrete states of
N , σ0 = (m0, clock0) with clock0(t) = 0 for each t ∈ T is the initial state, and
a timed consecution relation →⊆ Σ × (T ∪ IR) × Σ is defined by action- and
time-successors as follows:

– for δ ∈ IR, (m, clock)
δ
→ (m, clock + δ) iff (clock + δ)(t) ≤ Lft(t) for all

t ∈ en(m) (time successor),

– for t ∈ T , (m, clock)
t
→ (m1, clock1), iff t ∈ en(m), Eft(t) ≤ clock(t) ≤

Lft(t), m1 = m[t〉, and for all u ∈ T we have clock1(u) = 0 for u ∈
newly en(m, t), and clock1(u) = clock(u) otherwise (action successor).

A σ0-run ρ of N is a maximal sequence of concrete states ρ = σ0
δ0→ σ0 + δ0

t0→

σ1
δ1→ σ1 + δ1

t1→ σ2
δ2→ . . ., where ti ∈ T and δi ∈ IR, for all i ∈ IN. A state σ ∈ Σ

is reachable if there exists a σ0-run ρ and i ∈ IN such that σ = σi + δi.
The set of all the reachable states of N is denoted by ReachN . A marking

m is reachable if there is a state (m, clock) ∈ ReachN for some function clock.
A run ρ is said to be progressive iff Σi∈INδi is unbounded.

The above notion of run can be used for interpreting untimed branching
time temporal logics [58] or for checking reachability. Alternatively, runs can be
defined such that each two consecutive time and action steps are combined [89].1

However, in order to give semantics over dense paths for timed temporal logics,
we assume that δi > 0 for all i ∈ IN. This will become clear in Section 4.2.

In what follows, we consider only nets whose all the runs are infinite2 and
progressive by restricting the nets to contain neither two consecutive transitions
whose earliest firing times are both equal to 0 nor one such a transition, which
is a loop3. The set of all the σ-runs of N , with δi > 0 for all i ∈ IN, is denoted
by fN (σ).

In order to reason about systems represented by TPN’s, we define, for a
given set of propositional variables PV , a valuation function VN : P → 2PV ,
which assigns propositions to the places4 of N . Let Vc : Σ → 2PV be a valuation
function extending VN such that Vc((m, ·)) =

⋃

p∈m VN (p), i.e., Vc assigns the
same propositions to the states with the same markings. The structure Mc(N ) =
(Fc(N ), Vc) is called a concrete model of N . Notice that for the same concrete
model, we can interpret timed and untimed logics using appropriate notions of
runs.

A time Petri net N = (P, T,F ,m0, Eft, Lft) is said to be sequential if the
net P = (P, T,F ,m0) is so, and N is 1-safe if for each reachable marking m of
N , we have m(p) ≤ 1 for each p ∈ P . Unless otherwise stated, in what follows

1 This semantics is claimed to be equivalent w.r.t. CTL model checking.
2 This can be checked by applying algorithms looking for deadlocks.
3 This restriction is only for assuring an existence of a translation to timed automata,

for which similar restrictions are assumed.
4 Usually, there is one-to-one correspondence between the propositions and the places.
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1-safe TPN’s are considered only. Moreover, we define a notion of a distributed
time Petri net, which is an adaptation of the one from [41].

Definition 3. Let I be a finite set of indices, and let N = {N i | i ∈ I}, with
N i = (P i, T i,F i, Efti, Lfti,mi

0) be a family of 1-safe, sequential time Petri
nets (called processes), indexed I, with pairwise disjoint sets P i of places, and
satisfying the condition (∀i1, i2 ∈ I)(∀t ∈ T i1 ∩ T i2) (Efti1(t) = Efti2(t) ∧
Lfti1(t) = Lfti2(t)). A distributed time Petri net N = (P, T,F , Eft, Lft,m0)
is the union of the processes N i, i.e., P =

⋃

i∈I P
i, T =

⋃

i∈I T
i, F =

⋃

i∈I F i,
Eft =

⋃

i∈I Eft
i, Lft =

⋃

i∈I Lft
i and m0 =

⋃

i∈I m
i
0.

It is easy to notice that a distributed net is 1-safe. The interpretation of such a
net is a collection of sequential, non-deterministic processes with communication
capabilities (via joint transitions). In what follows, we consider distributed nets
whose all the processes are state machines (i.e., for each t ∈ T i, | • t| = |t• | = 1),
which implies that in any reachable marking m of N , there is exactly one place p
of each process with m(p) = 1. It is important to mention that each distributed
net can be transformed to an equivalent net satisfying this requirement [43].

Example 1. Examples of (distributed) time Petri net are shown in Fig. 1. Each of
the nets 5a, 5b, and 5c in the left-hand side consists of two disjoint processes with
the sets of places P 1 = {p1, p2, p3, p4} and P 2 = {p6, p7}, whereas the net on the
right is composed of three communicating processes with the sets of places: P i =
{idlei, tryingi, enteri, criticali} with i = 1, 2, and P 3 = {place0, place1, place2}.

t2t1p1 p3 p4

[0,0] [0,1] [0,1]

t3

t4

[3,3]

p2

net 5a
p6 p7ta

[5,6]

t2t1p1 p3 p4

[0,0] [0,1] [0,1]

t3

t4

p2

[1,3]

net 5b
p6 p7ta

[5,6]

t2t1p1 p3 p4

[0,0] [0,1] [0,1]

t3

t4

p2

[3,3]

p6 p7ta

[5,6]

[0,0]

tb net 5c

waiting1

setx0_1

enter1
trying1 critical1

idle2

start2

trying2 waiting2 critical2

setx0_2

place 0

place 1

place 2

idle1 start1 setx1−copy1

setx1

setx1−copy2

setx2−copy2

setx2

enter2setx2−copy1

[0,∞)

[0,∞)

[0,∞)

[∆,∞)

[0, ∆]

[0, ∆]

[0, ∆]

[0, ∆]

[δ,∞)

[0, ∆]

[0, ∆]
[δ,∞)

Fig. 1. The nets of [89] and a net for Fischer’s mutual exclusion protocol
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2.2 Timed Automata

In this section we briefly recall the concept of timed automata, which was in-
troduced by Alur and Dill [6]. Timed automata are extensions of finite state
automata with constraints on timing behaviour. The underlying finite state au-
tomata are augmented with a set of real time variables. We start with formalizing
the above notions. Let X = {x1, . . . , xnX

} be a finite set of real-valued variables,
called clocks. The set of clock constraints over X is defined by the following
grammar:

cc := true | xi ∼ c | xi − xj ∼ c | cc ∧ cc,

where xi, xj ∈ X , c ∈ IN, and ∼ ∈ {≤, <,=, >,≥}. The set of all the clock
constraints over X is denoted by C⊖

X , whereas its restriction, where differences of
clocks are not allowed, is denoted by CX . A clock valuation on X is a nX -tuple
v ∈ IRnX . For simplicity, we assume a fixed ordering on X . The value of the
clock xi in v can be then denoted by v(xi) or v(i), depending on the context.
For a valuation v and δ ∈ IR, v + δ denotes the valuation v′ s.t. for all x ∈ X ,
v′(x) = v(x) + δ. Moreover, for a subset of clocks X ⊆ X , v[X := 0] denotes
the valuation v′ such that for all x ∈ X , v′(x) = 0 and for all x ∈ X \ X ,
v′(x) = v(x). Let v ∈ IRnX , the satisfaction relation |= for a clock constraint
cc ∈ C⊖

X is defined inductively as follows:

– v |= true,
– v |= (xi ∼ c) iff v(xi) ∼ c,
– v |= (xi − xj ∼ c) iff v(xi) − v(xj) ∼ c, and
– v |= (cc ∧ cc

′) iff v |= cc and v |= cc
′.

For a constraint cc ∈ C⊖
X , let [[cc]] denote the set of all the clock valuations

satisfying cc, i.e., [[cc]] = {v ∈ IRnX | v |= cc}. By a (time) zone in IRnX we mean
each convex polyhedron Z ⊆ IRnX defined by a clock constraint, i.e., Z = [[cc]]
for some cc ∈ C⊖

X (for simplicity, we identify the zones with the clock constraints
which define them). The set of all the zones for X is denoted by Z(nX ).

Given v, v′ ∈ IRnX and Z,Z ′ ∈ Z(nX ), we define the following operations:

– Z \ Z ′ is a set of disjoint zones s.t. {Z ′} ∪ (Z \ Z ′) is a partition of Z;
– Z ր:= {v′ ∈ IRn | (∃v ∈ Z) v ≤ v′}, where v ≤ v′ iff ∃δ ∈ IR s.t. v′ = v+ δ;
– Z[X := 0] = {v[X := 0] | v ∈ Z}.

Notice that the operations ր, Z[X := 0], and the standard intersection preserve
zones. These results and the implementation of Z \ Z ′ can be found in [4, 79].

Definition 4. A timed automaton (TA, for short) is a six-element tuple A =
(A,L, l0, E,X , I), where A is a finite set of actions, L is a finite set of locations,
l0 ∈ L is an initial location, X is a finite set of clocks, E ⊆ L×A×C⊖

X ×2X ×L

is a transition relation. Each element e of E is denoted by l
a,cc,X
−→ l′, which

represents a transition from the location l to the location l′, executing the action
a, with the set X ⊆ X of clocks to be reset, and with the clock constraint cc

defining the enabling condition for e. The function I : L→ C⊖
X , called a location

invariant, assigns to each location l ∈ L a clock constraint defining the conditions
under which A can stay in l.
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If the enabling conditions and the values of the location invariant are in the
set CX only, then the automaton is called diagonal-free. In what follows, we
consider diagonal-free automata. In order to reason about systems represented
by timed automata, for a set of propositional variables PV , define a valuation
function VA : L → 2PV , which assigns propositions to the locations. Usually,
we consider networks of timed automata, where the automata are composed by
synchronization over labels. The reader is referred to [86] for a formal definition
of composition.

Example 2. In Fig. 2, a network of TA for Fischer’s mutual exclusion protocol
with two processes is depicted5. The protocol is parameterised by the number
of processes involved. In the general case, the network consists of n automata
of processes, together with one automaton modelling a global variable X , used
to coordinate the processes’ access to their critical sections, which means that if
the automaton of a process and the automaton of the variable X contain actions
with a common label a, then the process is allowed to execute this action if and
only if the automaton for X executes an action labelled by a as well.

0 1

23

START 1 

ENTER 1

y1:=0

y1  > δ

∆SETX01 
SETX1
y1 <
y1:=0 

idle1 trying1 

waiting1 critical1 

0 1

23

START 2 

ENTER 2

y2:=0

y2  > δ

∆SETX02 
SETX2
y2 <
y2:=0 

idle2 trying2 

waiting2 critical2 

0

12

START 2 

ENTER 2

SE
TX

02
 

SETX2

START 1 

SETX1

ENTER 1

SETX01 

SETX1SETX2

SETX2 SETX1

Process 1 Process 2 Variable X

Fig. 2. Fischer’s Mutual Exclusion Protocol for two processes

A concrete state of A is a pair (l, v), where l ∈ L and v ∈ IRnX is a valuation.
The concrete (dense) state space of A is a structure Fc(A) = (Q, q0,→), where
Q = L × IRnX is the set of all the concrete states, q0 = (l0, v0) with v0(x) = 0
for all x ∈ X is the initial state, and → ⊆ Q × (A ∪ IR) × Q is the transition
relation, defined by action- and time-successors as follows:

– for a ∈ A, (l, v)
a
→ (l′, v′) iff (∃cc ∈ CX )(∃X ⊆ X ) such that l

a,cc,X
−→ l′ ∈ E,

v ∈ [[cc]], v′ = v[X := 0] and v′ ∈ [[I(l′)]] (action successor),

– for δ ∈ IR, (l, v)
δ
→ (l, v + δ) iff v + δ ∈ [[I(l)]] (time successor).

For (l, v) ∈ Q, let (l, v) + δ denote (l, v + δ). A q-run ρ of A is a maximal

sequence of concrete states: q0
δ0→ q0 + δ0

a0→ q1
δ1→ q1 + δ1

a1→ q2
δ2→ . . ., where

q0 = q ∈ Q, ai ∈ A and δi ∈ IR, for each i ≥ IN. A state q′ ∈ Q is reachable

if there exists a q0-run ρ = q0
δ0→ q0 + δ0

a0→ q1
δ1→ . . . and i ∈ IN such that

5 Two clocks are denoted by y1 and y2, whereas ∆ and δ are parameters.
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q′ = qi + δi. The set of all the reachable states of A will be denoted by ReachA.
A run ρ is said to be progressive iff Σi∈INδi is unbounded. A timed automaton
is progressive iff all its runs are progressive. For simplicity of the presentation,
we consider only progressive timed automata. Note that progressiveness can be
checked using sufficient conditions of [79].

Like for time Petri nets, the above notion of run can be easily used for
interpreting untimed temporal logics or for checking reachability. However, in
order to give semantics over dense paths corresponding to runs (see Section 4.2)
for timed temporal logics, we assume that δi > 0 for all i ∈ IN in a run. So, by
fA(q) we denote the set of all such q-runs of A.

The structure Mc(A) = (Fc(A), Vc) is called a concrete model for A, for a
valuation function Vc : Q → 2PV extending VA such that Vc(l, v) = VA(l) (i.e.,
Vc assigns the same propositions to the states with the same locations).

3 From TPN’s to TA

There are two approaches to verifying properties of time Petri nets. Either spe-
cific algorithms are used or nets are translated to timed automata in order to
exploit verification methods designed for automata6. Therefore, we first consider
translations from TPN’s to TA, and then review the most recent verification
methods for both the formalisms.

Several methods of translating time Petri nets to timed automata have been
already developed. However, in most cases translations produce automata, which
extend timed automata. Some of the existing approaches are sketched below.

The most natural translation consists in defining an automaton whose loca-
tions correspond to the markings of the net, whereas the actions and the clocks
- to its transitions. The invariant of a marking m expresses that no transition
can be disabled by passage of time, whereas the enabling condition of an action
labelled by t ∈ T guarantees that the time passed since t became enabled is
between Eft(t) and Lft(t). Executing an action labelled by t at m resets the
clocks corresponding to the transitions in newly en(m, t). This approach was
used to define detailed region graphs for TPN’s [58, 82]. Its formal description
can be also found in [64].

Sifakis and Yovine [74] presented a translation of a subclass of time stream
Petri nets [72] to automata whose invariants can be disjunctions of clock con-
straints. In these nets, each of the arcs (p, t) is assigned a timing interval which
specifies when tokens in the place p become available to fire the transition t.
An enabled transition t can be fired if (*) all the places in •t have been marked
at least as long as the lower bounds of the corresponding intervals, and (**)
there is at least one place in •t marked no longer than the upper bound of the
corresponding interval. (1-safe) time Petri nets can be seen as a subclass of these
nets. In order to translate a net N to an automaton, we define a location for
each marking of N , and associate a clock with each of its places. The actions are

6 Usually, the concrete state spaces of both the models are required to be bisimilar.
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labelled by the transitions of N . Executing an action labelled by t ∈ T resets the
clocks of the places in t•, whereas its enabling condition corresponds to (*) given
above. The invariant of a marking m states that (**) holds for each t ∈ en(m).

In [25, 36], translations of (general) TPN’s to automata equipped with shared
variables and urgency modelling mechanisms are provided. The method of [25]
generates a set of TA containing an automaton At with one clock for each t ∈ T ,
and a supervisor automaton As. The locations of At correspond to the possible
states of t (being enabled, disabled, and to its firing). The automaton As with
committed locations7 forces the other automata to change synchronously their
states when a transition of the net is fired. Shared variables are used to model
the number of tokens in the places. In the approach of [36], the transitions
are classified according to their number of input, output and inhibitor places,
and one automaton with the locations disabled and enabled is built for each
of the classes obtained. Similarly as in [25], an additional automaton (with an
urgent transition8) ensures a synchronous behaviour of the whole system when
a transition is fired, whereas shared variables store the marking of the net.

Lime and Roux [49] proposed a method of translating a (general) time Petri
net to a timed automaton, using an algorithm of building a state class graph G
[14] (see Sec. 5.1). The nodes of G are state classes, i.e., pairs (m, I), where m is
a marking and I is a set of inequalities. The translation leads to an automaton
whose locations are the nodes of G, and the edges, labelled by transitions of the
net, correspond to its successor relation. Every class (m, I) is assigned a set of
clocks, each of which corresponds to all these transitions in en(m) which became
enabled at the same time. Executing an action labelled by t resets some clocks
(associated with newly enabled transitions). It is also possible to assign a value of
one clock to another (this goes beyond the standard definition of TA). Invariants
and enabling conditions describe, respectively, when the net can be in a given
marking, or when a transition can be fired at a class. Since the number of state
classes is finite only if the net is bounded [14], the authors provide a condition
for an on-line checking of unboundedness to ensure stopping the computation.

The paper [28] shows a method of translating extended 1-safe TPN’s with
finite values of the function Lft (called PRES+ models) to a set of extended
timed automata. When applied to a non-extended net, the translation gives a
network of standard TA. The set of transitions of the net is divided into disjoint
clusters, i.e., sequences of transitions in which firing of one of them enables the
next one. An automaton with one clock is built for each such a cluster.

Another translation [64] applies to distributed nets only. It is based on a
different approach to the concrete semantics of the net, which is bisimulation
equivalent9 to that defined in Sec. 2.1. In this semantics, each process is as-
signed a “clock” measuring the time elapsed since its place became marked most
recently. The automaton resulting from the translation uses the above clocks,
whereas its locations are defined as the markings of the net, and its edges are

7 A committed location is a location which has to be leaved as soon as it is entered.
8 A transition which has to be taken as soon as it is enabled.
9 The concrete state spaces are bisimilar, see [64] for a proof.
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labelled by the transitions. Firing of a transition resets the clocks related to the
processes involved. The enabling conditions and invariants are possibly disjunc-
tions of clock constraints, but can be modified to be zones (see [64] for details).

Besides translations from TPN’s to TA, some methods of translating sub-
classes of TA to time Petri nets also exist [37], but because of lack of space, we
do not discuss these approaches in this paper.

4 Main Formalisms for Expressing Properties

Properties of timed systems are usually expressed using temporal logics. In this
section we look at the logics that are most commonly used. We start with un-
timed formalisms, which are later extended with time constraints.

4.1 Untimed Temporal Logics: LTL, CTL, CTL∗

All the untimed logics we consider are subsets of CTL∗. Therefore, we give syntax
and semantics for CTL∗ only. The other logics are defined as its restrictions.

Syntax and Semantics of CTL∗. Let PVL = {℘1, ℘2 . . .} be a set of proposi-
tional variables. The language of CTL∗ is given as the set of all the state formulas
ϕs , defined using path formulas ϕp , by the following grammar:

ϕs := ℘ | ¬℘ | ϕs ∧ ϕs | ϕs ∨ ϕs | Aϕp | Eϕp

ϕp := ϕs | ϕp ∧ ϕp | ϕp ∨ ϕp | Xϕp | ϕpUϕp | ϕpRϕp

A (’for all paths’) i E (’there exists a path’) are path quantifiers, whereas X
(’neXt’), U (’Until’), and R (’Release’) are state operators. The formula ϕpUψp
expresses that ψp eventually occurs and that ϕp holds continuously until then.

The operator R is dual to U. Derived path operators are: Gϕp

def
= (℘ ∧¬℘)Rϕp

and Fϕp

def
= (℘ ∨ ¬℘)Uϕp . Sublogics of CTL∗ are defined below:

CTL (Computation Tree Logic): the temporal formulas are restricted to positive
boolean combinations of: A(ϕUψ),A(ϕRψ), AXϕ, and E(ϕUψ),E(ϕRψ),
EXϕ only.

ACTL (Universal Computation Tree Logic): the temporal formulas are restricted
to positive boolean combinations of: A(ϕUψ),A(ϕRψ), and AXϕ only.

ECTL (Existential Computation Tree Logic): the temporal formulas are re-
stricted to positive boolean combinations of: E(ϕUψ),E(ϕRψ), and EXϕ
only.

LTL (Linear Time Logic): the formulas of the form Aϕ are allowed only, where
ϕ does not contain the path quantifiers A,E.

L−X denotes logic L without the next step operator X.

For example, AFG(℘1 ∨ ℘2) is an LTL formula, whereas AFAG(℘1 ∨ ℘2) is an
ACTL formula. Each of the above logics can be extended by time constraints
(defined later). Semantics of CTL∗ is defined over standard Kripke models.
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Definition 5. A model is a tuple M = ((S, s0,→), V ), where S is a set of
states, s0 ∈ S is the initial state, → ⊆ S × S is a total successor relation, and
V : S → 2PV is a valuation function.

Let |M | denote the number of states of M . For s0 ∈ S a path π = (s0, s1, . . .) is
an infinite sequence of states in S starting at s0, where si → si+1 for all i ≥ 0,
and πi = (si, si+1, . . .) is the i-th suffix of π.

– M, s |= ℘ iff ℘ ∈ V (s), M, s |= ¬℘ iff ℘ 6∈ V (s),
– M,x |= ϕ ∨ ψ iff M,x |= ϕ or M,x |= ψ, for x ∈ {s, π},
– M,x |= ϕ ∧ ψ iff M,x |= ϕ and M,x |= ψ, for x ∈ {s, π},
– M, s |= Aϕ iff M,π |= ϕ for each path π starting at s,
– M, s |= Eϕ iff M,π |= ϕ for some path π starting at s,
– M,π |= ϕ iff M, s0 |= ϕ, for a state formula ϕ,
– M,π |= Xϕ iff M,π1 |= ϕ,
– M,π |= ψUϕ iff (∃j ≥ 0)

(

M,πj |= ϕ and (∀0 ≤ i < j), M,πi |= ψ
)

,
– M,π |= ψRϕ iff (∀j ≥ 0)

(

M,πj |= ϕ or (∃0 ≤ i < j), M,πi |= ψ
)

.

We adopt the initialized notion of validity in a model: M |= ϕ iff M, s0 |= ϕ.
For timed systems, untimed temporal logics are typically interpreted over

concrete (or abstract) models, where a path is defined to correspond to a run
that includes unrestricted time-successor steps (i.e., with δi ∈ IR). The model
checking problem for CTL∗ over timed systems is defined as follows: given a
CTL∗ formula ϕ and a timed system T (i.e., a TPN N or a TA A) together
with a valuation function VT , determine whether Mc(T ) |= ϕ.

Besides untimed properties of timed systems, which are directly expressed
using the above-defined temporal logics, reachability in these systems is usually
checked. Given a propositional formula p, the reachability problem for timed
automata (time Petri nets) consists in testing whether there is a reachable state
satisfying p in Mc(A) (Mc(N ), resp.). This problem can be obviously translated
to the model checking problem for the CTL∗ formula EFp. However, in spite of
that, several efficient solutions aimed at reachability checking only exist as well.

4.2 Timed Temporal Logics

Timed temporal logics can be interpreted over either discrete or dense models
of time [9]. We consider the latter option. Since the model checking problem for
TCTL∗ is undecidable [2], we focus on TCTL [3] and its subsets: TACTL and
TECTL, defined analogously to the corresponding fragments of CTL.

The logic TCTL is an extension of CTL−X obtained by subscribing the
modalities with time intervals specifying time restrictions on formulas. Formally,
syntax of TCTL is defined inductively by the following grammar:

ϕ := ℘ | ¬℘ | ϕ ∨ ϕ | ϕ ∧ ϕ | A(ϕUIϕ) | E(ϕUIϕ) | A(ϕRIϕ) | E(ϕRIϕ)

where ℘ ∈ PVL and I is an interval in IR with integer bounds of the form [n, n′],
[n, n′), (n, n′], (n, n′), (n,∞), and [n,∞), for n, n′ ∈ IN.

For example, A((℘ ∧ ¬℘)R[0,∞)(℘1 ⇒ A((℘ ∨ ¬℘) U[0,5] ℘2))) expresses that
for all the runs, always when ℘1 holds, ℘2 holds within 5 units of time.
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Semantics of TCTL over TA and TPN’s. Let T be a timed system,
i.e., a TPN N or a TA A, Mc(T ) = (Fc(T ), Vc) be its concrete model, and

ρ = s0
δ0→ s0 + δ0

b0→ s1
δ1→ s1 + δ1

b1→ s2
δ2→ . . . be an s0-run of T , where δi ∈ IR+

for i ∈ IN. Recall that fT (s), for a concrete state s, denotes the set of all the
progressive runs of T starting at s (where the time steps are labelled with δ > 0
only). In order to interpret TCTL formulas along a run, we introduce the notion
of a dense path corresponding to ρ, denoted by πρ, which is a mapping from IR
to a set of states10, given by πρ(r) = si + δ for r = Σi

j=0δj + δ, with i ≥ 0 and
0 ≤ δ < δi. Next, we define semantics of TCTL formulas in the following way:
s0 |= ℘ iff ℘ ∈ Vc(s0),
s0 |= ¬℘ iff ℘ 6∈ Vc(s0),
s0 |= ϕ ∨ ψ iff s0 |= ϕ or s0 |= ψ,
s0 |= ϕ ∧ ψ iff s0 |= ϕ and s0 |= ψ,
s0 |= A(ϕUIψ) iff (∀ ρ ∈ fT (s0))(∃r ∈ I)

[

πρ(r) |= ψ ∧ (∀r′ < r) πρ(r
′) |= ϕ

]

,
s0 |= E(ϕUIψ) iff (∃ ρ ∈ fT (s0))(∃r ∈ I)

[

πρ(r) |= ψ ∧ (∀r′ < r) πρ(r
′) |= ϕ

]

,
s0 |= A(ϕRIψ) iff (∀ ρ ∈ fT (s0))(∀r ∈ I)

[

πρ(r) |= ψ ∨ (∃r′ < r) πρ(r
′) |= ϕ

]

,
s0 |= E(ϕRIψ) iff (∃ ρ ∈ fT (s0))(∀r ∈ I)

[

πρ(r) |= ψ ∨ (∃r′ < r) πρ(r
′) |= ϕ

]

.
Again, we adopt the initialized notion of validity in a model: Mc(T ) |= ϕ iff
Mc(T ), s0 |= ϕ, where s0 is the initial state in Mc(T ).

It is important to mention that there is an alternative semantics for sublogics
of CTL−X, which can be interpreted over dense models by assuming that seman-
tics of each untimed modality O is like semantics of the corresponding TCTL
modality O[0,∞). The model checking problem for TCTL over a timed system T
is defined as usual, i.e., given a TCTL formula ϕ and a timed system together
with a valuation function VT , determine whether Mc(T ) |= ϕ.

5 Verification Methods for TPN’s and TA

Basic methods of verification of timed systems consist in building their finite
(possibly minimal) abstract models that preserve properties of interest, and then
in running verification algorithms on these models, for instance, a version of the
state-labelling algorithm of [3], or an algorithm which checks an equivalence of
behaviours between the model and its specification.

Let Mc(T ) = ((S, s0,→), Vc) be a concrete model of a timed system T , where
→ is a B-labelled transition relation for a given set of labels B. By an abstract
model we mean a structure Ma = ((W,w0,→), V ), where elements of W , called
abstract states, are sets of concrete states of S, and satisfy at least the following
conditions: s0 ∈ w0; V (w) = Vc(s) for each w ∈ W and s ∈ w, and for any
w1, w2 ∈ W and each b ∈ B

EE) w1
b
→ w2 if there are s1 ∈ w1 and s2 ∈ w2 s.t. s1

b
→ s2.

Condition EE guarantees that abstract states are related if they contain related
representatives. Other conditions on → depend on the properties to be preserved.
Some of them are listed below:
10 This can be defined thanks to the assumption about δ > 0.
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EA) w1
b
→ w2 iff (∃s1 ∈ w1)(∀s2 ∈ w2) s1

b
→ s2;

AE) w1
b
→ w2 iff (∀s1 ∈ w1)(∃s2 ∈ w2) s1

b
→ s2;

U) w1
b
→ w2 iff (∀s1 ∈ wcor1 )(∃s2 ∈ wcor2 ) s1

b
→ s2,

where wcor ⊆ w for each w ∈W , and s0 ∈ (w0)cor.

Condition EA restricts the abstract transition relation to the pairs of states,
where all the representatives of the successor state have a related representative
in the predecessor state. This condition is put on abstract models to preserve
LTL. Condition AE, which specifies the symmetric property w.r.t. the successor
and the predecessor of each pair of states in the abstract transition relation, is
known as a bisimulation condition. So, it is used to ensure preservation of CTL∗

or TCTL. Condition U is a weakening of AE, which puts the same restriction,
but only on a subset of each abstract state. It is know as a simulation condition.
Similarly, U is applied to preserve ACTL∗ or TACTL. Next, we present the main
approaches to generating various kinds of abstract models for timed systems.

5.1 State Classes Approaches

Methods of building abstract models for time Petri nets are usually based on
the state classes approach, which consists in representing an abstract state by
a marking and a set of linear inequalities. Many algorithms for building such
models, for various restrictions on the definition of TPN’s and approaches to
their concrete semantics, are known in the literature. Below, we present the
main solutions. For each of them, we give either the method for obtaining the
model from some earlier-defined underlying structure, or a full description, i.e., a
definition of the concrete states applied, a notion of a state class, and a condition
on firability of a transition at a class together with a method of computing its
successor resulting from this firing. Moreover, in order to obtain a finite abstract
model, an equivalence relation on state classes is provided. In all the descriptions,
we use the following notation: given a set of inequalities I, sol(I) denotes the
set of its solutions, and var(I) - the set of all the variables appearing in I.

State class graph [14, 15]. The method of building this basic model of the
state classes approach was defined for general TPN’s. Their concrete states are
represented by pairs σF = (m, f), where m is a marking, and f is a firing
interval function which assigns to each t ∈ en(m) the timing interval in which
t is (individually) allowed to fire. A state class of a TPN is a pair C = (m, I),
where m is a marking, and I is a set of inequalities built over the set var(I) =
{vi | ti ∈ en(m)}. All the possible values of a variable vi in the set sol(I) (called
the firing domain of C) form the timing interval, relative to the time C was
entered, in which ti can be fired. The state class is thus a set of concrete states
whose values of firing interval functions are included in the firing domain.

The initial class of the graph is given by (m0, {“Eft(ti) ≤ vi ≤ Lft(ti)“ |
ti ∈ en(m0)}). A transition ti ∈ en(m) is firable at a class C = (m, I) if the set
of inequalities I1 = I ∪ {“vi ≤ vj“ | tj ∈ en(m)} is consistent (i.e., sol(I1) 6= ∅),
which intuitively means that ti can fire earlier than any other enabled transition.
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The class C′ = (m′, I ′), resulting from firing ti, satisfies m′ = m[ti〉, whereas
I ′ is obtained from I by the following four steps: (1) the set I is substituted
by I1 (i.e., the firablity condition for ti is added to I), (2) all the variables in
I are substituted by new ones reflecting the fact of firing ti at the time given
by vi which relates the values of the variables to the time the class C′ was
entered, (3) the variables corresponding to the transitions disabled by firing
of ti are eliminated, and (4) the system is extended by the set of inequalities
{“Eft(tl) ≤ vl ≤ Lft(tl)“ | tl ∈ newly en(m, t)}.

Two classes are considered as equivalent if their markings and firing domains
are equal. A TPN is of a bounded number of state classes if and only if it is
bounded. Although the boundedness problem for TPN’s is undecidable, in [14,
15] sufficient conditions for checking unboundedness while generating the state
class graph are given. Since all the state classes satisfy the condition EA, the
model preserves LTL formulas.

Geometric region graph [89]. The information carried by firing domains of
the classes of the state class graph is not sufficient to check their atomicity11.
To this aim, some additional information about the histories of firings is needed.
Therefore, as a step towards building a model preserving CTL∗ properties, a
modification of the state class graph for 1-safe nets with finite values of the
function Lft, called geometric region graph, has been introduced. Its construction
exploits the notion of concrete states given in Sec. 2.1. State classes are triples
C = (m, I, η), where I is a set of inequalities, and m is a marking obtained
by firing from m0 the sequence η ∈ T ∗ of transitions, satisfying the timing
constraints represented by I. The variables in var(I) represent absolute (i.e.,
counted since the net started) firing times of the transitions in η (different firings
of the same transition are then distinguished, and vji ∈ var(I) corresponds to j-
th firing of ti ∈ T ). Unlike the construction of [14, 15], I can be seen as describing
the history of states of a given class rather than these states as such.

The initial state class is given by C0 = (m0, ∅, ǫ), where ǫ is the empty
sequence of transitions. Firing of ti ∈ en(m) at a class C = (m, I, η) is described
in terms of the parents of the enabled transitions, i.e., the transitions is η which
most recently made the transitions in en(m) enabled12. If ti appears k− 1 times
in η, then it is firable at C iff the set of inequalities I1 = I ∪ {“parent(vki , C) +
Eft(t) ≤ parent(vlj , C) + Lft(tj)“ | tj ∈ en(m) and tj appears l − 1 times

in η} is consistent13, which means that ti can be fired earlier than any other
enabled transition. In the class C′ = (m, I ′, η′), obtained by firing ti at C,
m′ = m[t〉, η = ηt, and the set of inequalities I ′ is equal to I1 ∪ {“Eft(ti) ≤
tki − parent(tki , C) ≤ Lft(ti)“}. This describes timing conditions which need to
hold for firing of ti at C. The classes are equivalent if their markings are equal,

11 A class which satisfies the condition AE w.r.t. all its successors is called atomic.
12 As the parents of the transitions enabled in m0, a fictitious transition ν, which

denotes the start of the net and fires at the time 0, is assumed.
13 parent(vi, C) denotes the variable corresponding to the most recent appearance of

the parent of ti in η.
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the enabled transitions have the same parents, and these parents could be fired
at the same absolute times. All the classes of the graph satisfy the condition EA.

Atomic state class graph [89]. In order to build a model which preserves
CTL∗ properties, the geometric state class graph needs to be refined until all
its classes are atomic. The model obtained this way is called atomic state class
graph. If a class C = (m, I, η) is not atomic, then there is some inequality ξ non-
redundant14 in I and such that satisfaction of ξ is necessary for the concrete
states in C to have descendants in a successor C′ of C. The class C is then split
into C1 = (m, I ∪ ξ, η) and C2 = (m, I ∪¬ξ, η). Their descendants are computed
from copies of those of C, by modifying their sets of inequalities adding ξ and
¬ξ, respectively. As a result, the abstract states satisfy both AE and EA.

Pseudo-atomic state class graph [61]. The atomic state class graph’s con-
struction was further modified to generate pseudo-atomic class graphs which
preserve the universal fragment of CTL∗ (i.e., ACTL∗). Instead of AE, all the
classes of these graphs satisfy the weaker condition U. The models are built in
a way similar to atomic state class graphs, besides the fact that in some cases
instead of splitting the classes only their cors are refined.

Strong state class graph [17]. The paper by Berthomieu and Vernadat
presents another approach to building models which are then refined to a CTL∗-
preserving structure, applicable15 to the general class of TPN’s. The solution
combines, in some sense, these of [89] and [14, 15]. The definition of concrete
states is taken from [14]. The authors define a strong state class graph, whose
classes are of the form C = (m, I), where I is a set of inequalities built over the
set of variables corresponding to the transitions in en(m), similarly as in [14,
15]. However, the value of a variable vi corresponding to a transition ti ∈ en(m)
gives the time elapsed since ti was last enabled, which, in turn, corresponds in
some sense to Yoneda’s approach. The set I enables to compute a firing domain,
and in consequence to define the set of concrete states that belong to the class.

The initial class of the graph is given by C0 = (m0, {“0 ≤ vi ≤ 0“ | ti ∈
en(m0)}). Firability of a transition t at a class as well as the set of inequalities of
the successor are defined in terms of the times elapsed since the transitions were
enabled, using additional temporary variables denoting possible firing times of t
(see [17] for details). Two classes (m, I) and (m′, I ′) are considered as equivalent
if m = m′ and sol(I) = sol(I ′). Similarly as in the previous approaches, all the
classes in the strong state class graph satisfy the condition EA.

Strong atomic state class graph [17]. In order to obtain a strong atomic
state class graph preserving CTL∗ properties, the above model is refined in a
way similar to the one of [89], i.e., its classes are partitioned until all of them
are atomic. However, unlike [89], the classes satisfy AE but not necessarily EA,
since an inequality added to the set I of a class C, which is partitioned, is not
propagated to the descendants of C.

14 A inequality ξ is non-redundant in the set of inequalities I if the solution sets of
both I ∪ ξ and I ∪ ¬ξ are non-empty.

15 However, transitions with infinite latest firing times require a special treatment.
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The graphs of [48, 90]. In [90], a construction of a state class graph, applicable
to 1-safe nets with finite values of the function Lft, was described. The method
aimed at verification of formulas of a logic TNL (Timed Temporal Logic for
Nets). Since building of these graphs is formula-guided, we do not provide it
here, but focus on a similar approach proposed by Lilius for 1-safe nets with
possibly infinite values of Lft, aimed at reachability checking using partial order
reductions16 [48]. It is based on the notion of concrete states given in Sec. 2.1.
A state class is a pair (m, I), where m is a marking, and I is a set of inequalities
describing the constraints on possible firing times of the transitions in en(m).
Values of the variables in var(I) represent absolute times. There are two kinds of
variables in var(I): these which correspond to possible firing times of transitions
in en(m), and those which represent firing times of some of the transitions that
are disabled in m and have been fired earlier. The latter are kept to determine
the latest possible firing time of these t ∈ en(m) which can become enabled by
firings of different transitions. The set of inequalities of the initial class expresses
that the differences between the possible firing times of each t ∈ en(m0) and the
start of the net are between Eft(t) and Lft(t). Given a class (m, I), the set of
inequalities of its successor (m[t〉, I ′) obtained by firing t ∈ en(m) is computed
similarly as in Yoneda’s approach, besides the fact that the condition saying that
t can be fired earlier than any other t′ ∈ en(m) is not added to I ′ (see [90] and
[48] for a detailed description and comparison). As a result, the solutions of I do
not necessarily determine a feasible clock assignment as it was in [90]. However,
there is a run of the net corresponding to each path in the graph. Applying an
equivalence of classes ensures finiteness of the model, but, unlike the case of [90],
it is not of a form of a tree. This is useful for partial order reductions.

The reachability graph of [22]. A completely different approach to state
classes, aimed at computing reachability graphs of (general) time Petri nets, was
proposed in [22]. It is based on a notion of firing points of transitions (defined as
the instant when a given transition fires). The class produced by the (n− 1)-th
firing point (the points are numbered along sequences of transitions fired from
m0) is a triple (m,TS, TE), where m is a marking, TS : IN → en(m) gives the
enabling order of transitions (the transitions of TS(0) become enabled before
those of TS(1) etc.), whereas TE : IN × IN → Q+ ∪ {∞} is a function which for
a given pair i, j returns the minimal or the maximal time elapsed between the
i-th and the j-th firing point at the point n− 1. The resulting graph is finite iff
the net is bounded.

5.2 Detailed Region Graph Approach

Next, we define abstract models for timed automata, which can be used for
enumerative and symbolic verification. We start with a detailed region graph
approach. The main reason for introducing this approach is that our SAT-related
methods (see Section 6) are based on a propositional encoding of detailed regions.

16 Firing transitions in different orders can lead to the same state.
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Given a timed automaton A and a TCTL formula ϕ. Let CA ⊆ CX be a
non-empty set containing all the clock constrains occurring in any enabling con-
dition or in a state invariant of A. Moreover, let cmax(ϕ) be the largest constant
appearing in CA and in any time interval in ϕ17. For δ ∈ IR, frac(δ) denotes the
fractional part of δ, and ⌊δ⌋ denotes its integral part.

Definition 6 (Equivalence of clock valuations). For two clock valuations
v, v′ ∈ IRnX , v ≃CA,ϕ

v′ iff for all x, x′ ∈ X the following conditions are met:

1. v(x) > cmax(ϕ) iff v′(x) > cmax(ϕ),
2. if v(x) ≤ cmax(ϕ) and v(x′) ≤ cmax(ϕ) then

a.) ⌊v(x)⌋ = ⌊v′(x)⌋,
b.) frac(v(x)) = 0 iff frac(v′(x)) = 0, and
c.) frac(v(x)) ≤ frac(v(x′)) iff frac(v′(x)) ≤ frac(v′(x′)).

Lemma 1 (Preserving TCTL, [3]).
Let A = (A,L, l0, E,X , I) be a timed automaton, VA be a valuation function for
A, and Mc(A) be the concrete model of A. Moreover, let l ∈ L, and v, v′ ∈ IRnX

with v ≃CA,ϕ
v′. Then, we have Mc(A), (l, v) |= ϕ iff Mc(A), (l, v′) |= ϕ.

The equivalence classes of the relation ≃CA,ϕ
are called detailed zones. The set

of all the detailed zones is denoted by DZ(nX ). A detailed region is a pair (l, Z),
where l ∈ L and Z ∈ DZ(nX ).

The action and time successor relation in the set of the detailed regions
can be defined via representatives (see [3, 63]), which gives us a finite abstract
model, called the detailed region graph (DRG) preserving TCTL. In Section 6.2,
we show how to encode detailed regions together with the transition relation in
a symbolic way to accomplish bounded model checking.

5.3 Partition Refinement for TA

Partition refinement (minimization) is an algorithmic method of constructing
abstract models for timed automata on-the-fly, i.e., without building concrete
models first. Typically, the algorithm starts from an initial partition Π0 of the
state space Q of A (i.e., a set of disjoint classes the union of which equals Q),
which respects (at least) the propositions of interest. The partition is then suc-
cessively refined until it (or its reachable part, depending on the algorithm)
becomes stable, i.e., satisfies the conditions required on the model to be gener-
ated. Let M = (G, V ) with G = (W,w0,→) be a model generated by the above
algorithm, where the elements of W are (reachable) classes of the stable parti-
tion Π , w0 is the class containing the state q0 of A, and the successor relation
is induced by that on Π . The classes of partitions are usually represented by re-
gions, defined as follows. Given a timed automaton A, let l ∈ L and Z ∈ Z(nX ).
A region R ⊆ L× IRnX is a set of concrete states R = {(l, v) | v ∈ Z}, denoted
by (l, Z). For regions R = (l, Z) and R′ = (l, Z ′), we define their difference

17 Obviously, ∞ is not considered as a constant.
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R \ R′ = {(l, Z ′′) | Z ′′ ∈ Z \ Z ′}. This operation potentially returns a set of
regions, and is of exponential complexity in the number of clocks, which can
cause some inefficiency of partition refinement algorithms.

Bisimulating models. Three main minimization algorithms were introduced
in [20, 59, 47]. They are aimed at generating bisimulating models, i.e., models
whose classes satisfy the condition AE. The set of labels B usually corresponds
to the set of actions of the automaton augmented with one additional label τ
which denotes passing some time18.

An adaptation of the method of [47] to the case of timed automata was
presented in [87]. The algorithm starts from an initial partitionΠ0 which respects
the invariants and enabling conditions of A (i.e., for each Y ∈ Π , each e =

l′
a,cc,X
−→ l′′ ∈ E and each l ∈ L we have Y ∩[[I(l)]], Y ∩[[cc]] ∈ {Y, ∅}), and stabilizes

only the reachable classes. To ensure this, each reachable class is marked by a
representative that is guaranteed to be a reachable state of A (initially, only the
initial class is marked by q0). If there exists a transition from a representative
of the reachable class Y1 to a state in a class Y2, then Y2 becomes reachable,
and is marked by one of its known reachable states. If Y1 is not stable, then it
is partitioned into a class Y ′

1 (easily computed using the inverse images of the
successors), which contains a representative rY1

and all the concrete states of
Y1 which have their successors in the same classes as rY1

, and Y1 \ Y ′
1 (which

possibly is a set of classes). The concrete states known as reachable in Y1 \ Y ′
1

(if exist) are chosen as the representatives of (parts of) Y1 \ Y ′
1 . Partitioning of

Y1 can make its predecessors unstable. The paper proposes also a solution to
the problem of computing differences of regions. It is based on using a forest
structure, consisting of trees corresponding to the locations of A, which keep the
history of partitionings.

The algorithm of [20] was applied to timed automata in many papers, and
served to building bisimulating models for various time-abstracted (ta-) bisim-
ulation relations. These are strong ta-bisimulation abstracting away the exact
amount of time passed between two states, and delay and observational ta-
bisimulations, which additionally consider as equivalent the states obtained by
executing an action a and these obtained by passing some time and then ex-
ecuting a, or, respectively, passing some time, executing a, and then passing
some time again (see [79] for details). Its generic pseudo-code is presented in
Fig. 3. The algorithm starts from an initial class containing the state q0, and
then successively searches and refines reachable classes. A class Y1 ∈ Π which
is unstable w.r.t. its successor Y2 is split into Y ′

1 which contains all the concrete
states which have successors in Y2, and Y1 \ Y ′

1 (this can possibly be a set of
regions). Partitioning of a class can result in unstability of its predecessors.

In [5], the algorithm of Fig. 3 was applied to generating abstract models for
delay ta-bisimulation. The work [4] describes its implementation for the case of
strong time-abstracted bisimulation. A solution to the problem of computing dif-
ferences of classes while generating a strong time-abstracted bisimulating model

18 The actions of A can be taken as labels only, if a discrete model is to be built.
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1. Π := Π0; reachable := {initial class}; stable := ∅;
2. while (∃X ∈ reachable \ stable) do

3. CX := Split(X,Π);
4. if (CX = {X}) then

5. stable := stable ∪ {X};
6. reachable := reachable ∪ the successors of X in Π ;
7. else

8. YX := {Y ∈ Π | Y has been split };
9. reachable := reachable \ YX ∪ {Y ∈ CX | initial state ∈ Y };
10. stable := stable \ the predecessors of elements of YX in Π ;
11. Π := (Π \ YX) ∪ CX ;
12. end if;
13. end do;

Fig. 3. A generic minimization algorithm

was presented in [79]. Similarly to that of [87], it consists in starting from an
initial partition of the state space respecting the invariants and enabling con-
ditions of A. An unstable class Y is refined simultaneously w.r.t. all its time-,
or action a-successors (on a given action a). Since their inverse images form a
partition of Y , differences do not need to be computed.

The algorithm of Fig. 3 was modified to build other kinds of abstract mod-
els, preserving more restricted classes of properties. The solutions differ in the
definitions of the partition of Q, the stability condition and the function Split
used to refine unstable classes. Below, we sketch the main of them.

Simulating models. The paper [32] shows a technique of building simulating
models, preserving ACTL∗ properties. Comparing with bisimulating models, the
condition on the successor relation between classes is relaxed, i.e., for each two
reachable classes the condition U needs to be satisfied. The algorithm operates
on a cor-partition Π ⊆ 2Q×2Q, consisting of pairs (Y, Y cor) whose first elements
form a partition of Q. Unstability of a class w.r.t. its successor can result in split-
ting one or both the classes, or modifying their cors. The problem of computing
differences for these models (for any ta-simulation) has not been solved so far.

Pseudo-bisimulating models. The paper [65] introduces pseudo-bisimulating
models, preserving reachability properties. The main idea behind the definition
consists in relaxing the condition on the transition relation on bisimulating mod-
els, formulated for all the predecessors of each abstract state, such that it applies
only to one of them, reachable from the beginning state in the minimal number
of steps. In this case, the algorithm deals with a d-partition Π ⊆ 2Q×(IN∪{∞}),
which is a set of pairs (Y, dpt(Y )), whose first elements build a partition of Q.
Unstability of a class w.r.t. its successor (Y, dpt(Y )) results in refining a prede-
cessor of (Y, dpt(Y )) which is assumed to be reachable in the minimal number
of steps. The models are usually built for the strong ta-bisimulation, using the
method of avoiding computing differences given in [79].
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Pseudo-simulating models. Both the solutions for simulating and pseudo-
bisimulating models were combined, resulting in a definition of reachability-
preserving pseudo-simulating models [66].

Other minimization techniques. Besides of the methods based on the mini-
mization algorithms presented above, some other solutions exist. The paper [76]
describes a partition refinement technique, operating on a product of the speci-
fications of a system and a property, and exploiting splitting histories, whereas
[44] presents a method of building reachability-preserving abstract models, ex-
ploiting (timed and untimed) histories of concrete states.

5.4 Forward-reachability graphs for TA

Verification based on reachability analysis is usually performed on an abstract
model known as simulation graph or forward-reachability graph. The nodes of
this graph can be defined as (not necessarily convex) sets of detailed regions [21]
or as regions [30, 46, 88]. Usually, the latter approach is used, which follows from
a convenient representation of zones by Difference Bound Matrices [34]. In this
case, the simulation graph can be defined as the smallest graph G = (W,w0,→)
such that

– w0 = (l0, Z0) with Z0 = v0ր ∩ [[I(l0)]];

– for any a ∈ A such that e : l
a,cc,X
−→ l′ ∈ E, and any w = (l, Z) ∈ W ,

if Succa((l, Z)) 6= ∅, then w′ = Succa((l, Z)) ∈ W and w
a
→ w′, for

Succa((l, Z)) = (l′, ((Z ∩ [[cc]])[X := 0]) ր ∩ [[I(l′)]]).

The graph is usually generated using a forward-reachability algorithm which,
starting from w0, successively computes all the successors Succa(w) for all
w ∈ W generated in earlier steps. The process can be terminated if a state
satisfying a given property is reached before the whole graph is built. This is
called on-the-fly reachability analysis. The simulation graph of [21] is finite, since
the number of detailed regions is so. However, when generated in the above-
presented manner, finiteness of the graph needs to be ensured. This is done by
applying an extrapolation abstraction whose general idea is based on the fact
that for any constraint of A involving a clock x, the exact value of v(x) is in-
significant if greater than the maximal value this clock is compared with (see
[13, 30] for details). Other abstractions, enabling to reduce the size of the graph
still enabling reachability checking, were presented in [30, 46, 88]. There are also
many solutions aimed at reducing the memory usage while generating models
[12, 30, 46].

5.5 On-the-fly Verification for TA

When the methods described above are used for verifying temporal properties,
they require, in principle, to build a model first, and then to check a formula
over this model. This can obviously make verification infeasible, especially when
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the size of the model is prohibitive. Therefore, there are approaches which offer
on-the-fly solutions, i.e., a formula is checked over a model while its construction.
Bouajjanni et al [21] define an algorithm, which starts with building a simulation
graph for a TA. Then, cycles of this graph are refined. This process is guided by
a formula. If a stable cycle is found, then this means that the formula holds and
at that point the verification ends.

Another solution has been suggested by Dickhofer and Wilke [33] and Hen-
zinger et al. [45]. The idea follows the standard approach to automata-theoretic
model checking for CTL. So, first an automaton accepting all the models for a
TCTL formula is built and the product of this automaton with the automaton
corresponding to the detailed region graph is constructed while its non-emptiness
is checked [33]. The method of [45] is slightly different as the product is con-
structed without building the automaton for a formula first.

6 Symbolic Data Structures and Verification

To store and operate on abstract models usually Difference Bound Matrices [34]
are used for state classes of TPN’s [35] or regions of TA [34]. To our knowledge,
there are very few approaches to BDD- or SAT-based verification of TPN’s [19],
which mainly consist in describing the state space of a net in a way which enables
to use an existing symbolic tool. However, such approaches to verification of
untimed Petri nets are known [26, 29, 52, 53, 60, 62, 77], but a discussion of them
goes beyond the scope of this paper. Therefore, in what follows we consider
symbolic data structures used for verification of TA. To this aim we list BDD-
based methods and focus on the most recent SAT-related techniques for TA.

6.1 BDD- and SAT-Based Methods for TA - Overview

BDD-Based Methods. A standard symbolic approach to representation of
state spaces and model checking of untimed systems is based on Binary Deci-
sion Diagrams (BDD’s) [24]. A similar approach is to apply BDD’s for encoding
discretizations of TA using the so-called Numeric Decision Diagrams [9]. Dis-
cretizations of TA can be also implemented using propositional formulas (see
Section 6.2).

Another approach follows the solution suggested by Henzinger et al. [40],
where the characteristic function of a set of states is a formula in separation
logic (SL)19. SL formulas can be represented using Difference Decision Diagrams
(DDD’s) [54, 55]. A DDD is a data structure using separation predicates with the
ordering of predicates induced by the ordering of the clocks. A similar approach
is taken in [73], where a translation from quantified SL to quantified boolean
logic [78] is exploited.

One can use also Clock Difference Diagrams (CDD’s) to symbolically repre-
sent unions of regions [11]. Each node of a CDD is labelled with the difference

19 SL extends the propositional logic by clock constraints.
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of clock variables, whereas the outgoing edges with intervals bounding this dif-
ference. Alternatively, model checkers are based on data structures called Clock
Restriction Diagrams (CRD) [85]. CRD is like CDD except for the fact that for
each node the outgoing edges are labelled with an upper bound rather than with
the interval of the corresponding difference of clock variables.

Another recent symbolic approach has been motivated by a dramatic increase
in efficiency of SAT-solvers, i.e., algorithms solving the satisfiability problem for
propositional formulas [93].

SAT-Based Methods. The main idea of SAT-based methods consists in trans-
lating the model checking problem for a temporal logic to the problem of satisfi-
ability of a formula in propositional or separation logic. This formula is typically
obtained by combining an encoding of the model and of the temporal property.
In principle, there are two different approaches. In the first one, a model check-
ing problem for TCTL (or reachability properties) is translated to a formula in
separation logic [10, 57, 75] or quantified separation logic [73] and then either
solved by MathSAT20 or translated further to propositional logic and solved by
SAT-solver. The second approach exploits a translation of the model checking
problem from TCTL to CTL and then further to a propositional formula [63].

On the other hand, the approaches to SAT-based symbolic verification can be
viewed as unbounded (UMC) or bounded (BMC). UMC [73] is for unrestricted
TCTL (or timed µ-calculus) on the whole model, whereas BMC [57, 63] applies to
an existential fragment of TCTL (i.e., TECTL) on a part of the model. However,
it is possible to use the bounded approach for verifying universal properties as
well, which is shown for unreachability properties in [92]. In what follows, we
focus on BMC for TECTL as well as for unreachability properties of TA.

6.2 BMC for Timed Automata

BMC consists in translating the model checking problem of an existential TCTL
formula (i.e., containing only existential quantifiers) to the problem of satisfia-
bility of a propositional formula. This translation is based on bounded semantics
satisfaction, which, instead of using possibly infinite paths, is limited to finite
prefixes only. Moreover, it is known that the translation of the existential path
quantifier can be restricted to finitely many computations [62].

In this section we describe how to apply BMC to TECTL. The main idea of
our method consists in translating the TECTL model checking problem to the
model checking problem for a branching time logic [3, 79] and then in applying
BMC for this logic [62].

We start with showing a discretization of TA and a translation from TCTL
to slightly modified CTL (called CTLy) on such discretized models. Then, we
present BMC for CTLy, and a BMC method of checking unreachability for TA.

20 MathSAT is a solver checking satisfiability of SL.

23



Discretization of TA. We define a discretized model for a timed automaton,
which is based on the discretization of [92]. The idea behind this method is
to represent detailed zones of a timed automaton by one or more (but finitely
many) specially chosen representatives.

Let A = (A,L, l0, E,X , I) be a timed automaton with nX clocks, VA be a val-
uation function, and ϕ be a TCTL formula. As before, let Mc(A) = (Fc(A), Vc)
be the concrete model for A. We choose the discretization step ∆ = 1/d, where
d is a fixed even number21 greater than 2nX . The discretized clock space is de-
fined as D

nX , where D = {k∆ | 0 ≤ k ≤ 2cmax(ϕ) + 2}. This means that
the clocks cannot go beyond 2cmax(ϕ) + 2, which follows from the fact that
for evaluating the TCTL formula ϕ over diagonal-free timed automata we do
not need to distinguish between clock valuations above cmax(ϕ) + 1. Similarly,
the maximal values of time delays can be restricted to cmax(ϕ) + 1, since oth-
erwise they would make the values of clocks greater than cmax(ϕ) + 1. Thus,
the set of values that can change a valuation in a detailed zone, is defined as
E = {k∆ | 0 ≤ k∆ < cmax(ϕ) + 1}22. To make sure that the above two defini-
tions can be applied we will guarantee that before any time transition, the value
of every clock does not exceed cmax(ϕ) + 1.

Next, we define the set U of valuations that are used to ’properly’ represent
detailed zones in the discretized model, i.e., we take a subset of the valuations
v of D

nX that preserve time delays by insisting that either the values of all the
clocks in v are only even or only odd multiplications of ∆. To preserve action
successors we will later use ’adjust’ transitions. The set U is defined as follows:

U={u ∈ D
nX |(∀x∈X )(∃k∈IN)u(x)=2k∆ ∨ (∀x∈X )(∃k∈IN)u(x)=(2k+1)∆}

Now, we are ready to define a discretized model for A, that is later used for
checking reachability and unreachability of a propositional formula p, which, as
we already mentioned, is expressed by the formula CTL ϕ = EFp interpreted
over runs with unrestricted time-successor steps. Note that in this case cmax(ϕ)
depends only on A.

Definition 7 (Discretized Model). The discretized model for A is a struc-
ture DM(A) = ((S, s0,→d), Vd) , where S = L×D

nX , s0 = (l0, v0) is the initial
state, the labelled transition relation →d ⊆ S × (A ∪ E ∪ {ǫ}) × S is defined as

1. (l, v)
a
→d (l′, v′) iff (l, v)

a
→ (l′, v′) in Fc(A), for a ∈ A, (action transition)

2. (l, v)
δ
→d (l, v′) iff (∀x ∈ X )(v(x) ≤ cmax(ϕ) + 1), v′ = v+ δ and v′ ∈ [[I(l)]],

for δ ∈ E (time delay transition),

3. (l, v)
ǫ
→d (l, v′) iff v′ ∈ U

nX , (∀x ∈ X )(v′(x) ≤ cmax(ϕ) + 1), and v ≃CA,ϕ
v′

(adjust transition).

and the valuation function Vd : S → 2PV is given by Vd((l, v)) = VA(l).

21 A good choice for d is the minimal such a number, which equals to 2l for some l.
22 By E+ we denote E \ {0}.
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Notice that the transitions in DM(A) are labelled with actions of A, time delays
of E, or the epsilon label ǫ 6∈ A ∪ E. The first two types of labels correspond
exactly to labels used in the concrete model. The adjust transitions are used
for moving within detailed zones to a valuation in U

nX . The reason for defining
action and adjust transitions separately consists in increasing efficiency of the
implementation for checking reachability in timed automata.

However, for verification of more complex TCTL formulas ϕ we need to put
some restrictions on DM(A) by defining the restricted discretized (r-discretized)
model DMR(A) = ((S′, s0,→′

d), V
′
d), where S′ = L × U

nX , V ′
d = Vd ∩ S′, and

the transition relation →′
d ⊆ S′ × (A ∪ {τ}) × S′ is given as

1. (l, v)
τ
→

′

d (l, v′) iff (l, v)
δ
→d (l, v′) for some δ ∈ E+, and

if (l, v)
δ′

→d (l, v′′)
δ′′

→d (l, v′) with δ′, δ′′ ∈ E and (l, v′′) ∈ S, then v ≃CA,ϕ
v′′

or v′ ≃CA,ϕ
v′′, and

if v ≃CA,ϕ
v′, then v ≃CA,ϕ

v′ + δ′′ for each δ′′ ∈ E+ (time successor),

2. (l, v)
a
→

′

d (l′, v′) iff (l, v) is not boundary23 and ((l, v)
a
→d;

ǫ
→d (l′, v′) or

(l, v)
τ
→

′

d;
a
→d;

ǫ
→d (l′, v′)), for a ∈ A (action successor).

Intuitively, time successor corresponds to a move by time delay transition with
the smallest δ to another region (if not final), whereas action successor corre-
sponds to a move by action transition (adjusted by ǫ-transition to be in U

nX ),
taken from non-boundary regions, possibly preceded by the time successor step.
Since our definition is based on the notion of the detailed region graph [3], it is
easy to notice that DMR(A) is its discretization, and as such, it can be used for
checking the TCTL formula ϕ.

Translation from TCTL to CTL. Rather than showing BMC directly for
TECTL over timed automata, which is quite a complex task, we first discuss a
translation from TCTL to a slightly modified CTL (CTLy) and then BMC for
ECTLy. In general, the model checking problem for TCTL can be translated
to the model checking problem for a fair version of CTL [3]. However, since we
have assumed that we deal with progressive timed automata only, we can define
a translation to the CTLy model checking problem [79].

The idea is as follows. Given a timed automaton A, a valuation function
VA, and a TCTL formula ϕ. First, we extend A with a new clock, action, and
transitions to obtain an automaton Aϕ. The aim of the new transitions is to
reset the new clock, which corresponds to all the timing intervals appearing in
ϕ. These transitions are used to start the runs over which subformulas of ϕ are
checked. Then, we construct the r-discretized model for Aϕ and augment its
valuation function. Finally, we translate the TECTL formula ϕ to an ECTLy

formula ψ = cr(ϕ) such that model checking of ϕ over the r-discretized model
of A can be reduced to model checking of ψ over the r-discretized model of Aϕ.

Formally, let X be the set of clocks of A, and {I1, . . . , Ir} be a set of the
non-trivial intervals appearing in ϕ. The automaton Aϕ extends A such that

23 A state (l, v) is boundary if for any δ ∈ E+, ¬(v ≃CA,ϕ
v + δ)
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– the set of clocks X ′ = X ∪ {y},
– the set of actions A′ = A ∪ {ay},

– the transition relation E′ ⊆ L×A′ × CX ′ × 2X
′

× L is defined as follows

E′ = E ∪ {l
ay,true,{y}

−→ l | l ∈ L}.

Let DMR(Aϕ) = ((S, s0,→d), Vd) be the r-discretized model for Aϕ. Denote by
→A the part of →d, where transitions are labelled with elements of A∪{τ}, and
by →y the transitions that reset the clock y, i.e., labelled with ay.

Next, we extend the set of propositional variables PV to PV ′ and the valu-
ation function Vd to V . By ℘y∈Ii

we denote a new proposition for every interval
Ii appearing in ϕ, and by PVϕ the set of the new propositions. The propo-
sition ℘y∈Ii

is true at a state (l, v) of DMR(Aϕ) if v(y) ∈ Ii. Let Vϕ be a
function labelling each state of DMR(Aϕ) with the set of propositions from
PVϕ true at that state and labelling each boundary state with ℘b. Next, set

PV ′ = PV ∪ PVϕ ∪ {℘b} and define the valuation function V : S → 2PV
′

as
V = Vd ∪ Vϕ.

In order to translate a TCTL formula ϕ to the corresponding CTL formula
ψ we need to modify the language of CTL to CTLy by reinterpreting the next-
time operator, denoted now by Xy. This language is interpreted over r-discretized
models for Aϕ, defined above, where we assume that r is the number of non-
trivial intervals appearing in ϕ. The modality Xy is interpreted only over the new
transitions that reset the new clock y, whereas the other operators are interpreted
over all the transitions except for the new ones. Formally, for ℘ ∈ PV ′, the set
of CTLy formulas is defined inductively as follows:

α := ℘ | ¬℘ | α ∧ α | α ∨ α | Xyα | E(αUα) | E(αRα) | A(αRα) | A(αUα).

A path in DMR(Aϕ) is a maximal sequence π = (s0, s1, . . .) of states such that
si →A si+1 for each i ∈ IN. The relation |= is defined like in Section 4.1 for all
the CTLy formulas, except for Xy, which is given as follows: (l, v) |= Xyα iff
(l, v[{y} := 0)] |= α. Next, the TCTL formula ϕ is translated inductively to the
CTLy formula cr(ϕ) as follows:

– cr(℘) = ℘ for ℘ ∈ PV ′,
– cr(¬℘) = ¬cr(℘),
– cr(α ∨ β) = cr(α) ∨ cr(β),
– cr(α ∧ β) = cr(α) ∧ cr(β),
– cr(O(αUIi

β)) = Xy

(

O(cr(α)U(cr(β) ∧ ℘y∈Ii
∧ (℘b ∨ cr(α))))

)

,

– cr(O(αRIi
β)) = Xy

(

O(cr(α)R(¬℘y∈Ii
∨ (cr(β) ∧ (℘b ∨ cr(α)))))

)

,
for O ∈ {E,A}.

It is easy to show that the validity of the TCTL formula ϕ over the concrete
model of A is equivalent to the validity of the corresponding CTLy formula cr(ϕ)
over the r-discretized model of Aϕ with the extended valuation function [3].

Next, we show a BMC method for ECTLy over r-discretized models for TA.
Since we have defined a translation from TCTL to CTLy, we obtain a BMC
method for TECTL.
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BMC for ECTLy. In this section we present a SAT-based approach to ECTLy

model checking over r-discretized models for timed automata, to which we re-
fer as to models from now on. We start with giving a bounded semantics for
ECTLy in order to define the bounded model checking problem and to translate
it subsequently into a satisfiability problem [62].

Let ϕ be a TECTL formula, ψ = cr(ϕ), and M = ((S, s0,→d), V ) be a
r-discretized model for Aϕ with the extended valuation function.

We start with some auxiliary definitions. For k ∈ IN+ a k-path in M is finite
sequence of k + 1 states π = (s0, s1, . . . , sk) such that (si, si+1) ∈→A for each
0 ≤ i ≤ k. For a k-path π = (s0, s1, . . . , sk), let π(i) = si for each i ≤ k. By
Πk(s) we denote the set of all the k-paths starting at s. This is a convenient
way of representing a k-bounded subtree rooted at s of the tree resulting from
unwinding the model M from s.

Definition 8 (k-model). A k-model for M is a structureMk = ((S, s0, Pk), V ),
where Pk is the set of all the k-paths of M , i.e., Pk =

⋃

s∈S Πk(s).

Define a function loop : Pk → 2IN as: loop(π) = {l | 0 ≤ l ≤ k ∧ π(k) →A π(l)}.
Satisfaction of the temporal operator R on a k-path π in the bounded case can
depend on whether or not π represents a path24, i.e., loop(π) 6= ∅,

The main reason for reformulating the semantics of the modalities in the
following definition in terms of elements of k-paths rather than elements of S or
Π is to restrict the semantics to a part of the model.

Definition 9 (k-bounded semantics for ECTLy). Let Mk be a k-model and
α, β be ECTLy subformulas of ψ. Mk, s |= α denotes that α is true at the state
s of Mk. Mk is omitted if it is clear from the context. The relation |= is defined
inductively as follows:

s |= ℘ iff ℘ ∈ V (s)
s |= ¬℘ iff ℘ 6∈ V (s),
s |= α ∧ β iff s |= α and s |= β,
s |= α ∨ β iff s |= α or s |= β,

s |= Xyα iff ∃s′ ∈ S
(

s→y s
′ and s′ |= α

)

,

s |= E(αUβ) iff ∃π ∈ Πk(s)
(

∃0≤j≤k

(

π(j) |= β and ∀0≤i<j π(i) |= α
))

,

s |= E(αRβ) iff ∃π ∈ Πk(s)
((

∃0≤j≤k

(

π(j) |= α and ∀0≤i<j π(i) |= β
))

or
(

∀0≤j≤k π(j) |= β and loop(π) 6= ∅
))

.

Next, we describe how the model checking problem (M |= ψ) can be reduced to
the bounded model checking problem (Mk |= ψ). In this setting we can prove that
in some circumstances satisfiability in the |M |-bounded semantics is equivalent
to the unbounded one.

Theorem 1. Let M = ((S, s0,→d), V ) be a model, ψ be an ECTLy formula and
k = |M |. Then, M, s0 |= ψ iff Mk, s

0 |= ψ.

24 Note that a path is infinite by definition.
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The rationale behind the method is that for particular examples checking satis-
fiability of a formula can be done on a small fragment of the model.

Next, we show how to translate the model checking problem for ECTLy

on a k-model to a problem of satisfiability of some propositional formula. Our
method is based on [62], but we use the operator ER rather than less expressive
EG. Proofs of correctness of our approach are extensions of the corresponding
proofs in [62]. We assume the following definition of a submodel.

Definition 10. Let Mk = ((S, s0, Pk), V ) be a k-model of M . A structure M ′
k =

((S′, s0, P ′
k), V ′) is a submodel of Mk if P ′

k ⊆ Pk, S
′ = States(P ′

k), and V ′ =
V |S′ , where States(P ′

k) = {s ∈ S | (∃π ∈ P ′
k)(∃i ≤ k) π(i) = s}.

The bounded semantics of ECTLy over submodels M ′
k is defined as for Mk (see

Def. 9). Our present aim is to give a bound for the number of k-paths in M ′
k

such that the validity of ψ in Mk is equivalent to the validity of ψ in M ′
k. Let

FECTLy be a set of the formulas of ECTLy.

Definition 11. Define a function fk : FECTLy → IN as follows:

– fk(℘) = fk(¬℘) = 0, where ℘ ∈ PV ,
– fk(α ∨ β) = max{fk(α), fk(β)},
– fk(α ∧ β) = fk(α) + fk(β),
– fk(Xyα) = fk(α),
– fk(E(αUβ)) = k · fk(α) + fk(β) + 1,
– fk(E(αRβ)) = k · fk(β) + fk(α) + 1.

The function fk determines the number of k-paths of a submodel M ′
k sufficient

for checking an ECTLy formula.
The main idea is that we can check ψ over Mk by checking the satisfiability

of a propositional formula [M,ψ]k = [Mψ,s0 ]k ∧ [ψ]Mk
, where the first conjunct

represents (part of) the model under consideration and the second a number of
constraints that must be satisfied on Mk for ψ to be satisfied.

Once this translation is defined, checking satisfiability of an ECTLy formula
can be done by means of a SAT-checker. Although from a theoretical point of
view the complexity of this operation is no easier, in practice the efficiency of
modern SAT-checkers makes the process worthwhile in many instances.

We now give details of this translation. We begin with the encoding of the
transitions in the model under consideration. Since the set of states S of our
model is finite, every element of S can be encoded as a bit vector of a length
depending on the number of locations in L, the size of the set D and cmax(ϕ).
We do not give details of this encoding here. The interested reader is referred to
[63, 92]. Each state s can be represented by a vector w = (w[1], . . . , w[l]) (called
a global state variable), where each w[i] for i = 1, . . . , l is a propositional vari-
able (called state variable). Notice that we distinguish between states s encoded
as sequences of 0’s and 1’s and their representations in terms of propositional
variables w[i]. A finite sequence (w0, . . . , wk) of global state variables is called a
symbolic k-path.
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In general we shall need to consider not just one but a number of symbolic
k-paths. This number depends on the formula ψ under investigation, and it is
returned as the value fk(ψ) of the function fk.

To construct [M,ψ]k, we first define a propositional formula [Mψ,s0 ]k that
constrains the fk(ψ) symbolic k-paths to be valid k-paths of Mk. The j-th sym-
bolic k-path is denoted as w0,j , . . . , wk,j , where wi,j are global state variables
for 1 ≤ j ≤ fk(ψ), 0 ≤ i ≤ k. Let PVs be a set of state variables, FORM be a
set of propositional formulas over PVs, and let lit : {0, 1} × PVs → FORM be
a function defined as follows: lit(0, ℘) = ¬℘ and lit(1, ℘) = ℘. Furthermore, let
w, v be global state variables. We define the following propositional formulas:

– Is(w) :=
∧l
i=1 lit(s[i], w[i]) (encodes the state s of the model M , i.e., s[i] = 1

is encoded by w[i], and s[i] = 0 is encoded by ¬w[i]).
– ℘(w) is a formula over w, which is true for a valuation sw of w iff ℘ ∈ V (sw),

where ℘ ∈ PV ′ (see page 26),

– H(w, v) :=
∧l
i=1 w[i] ⇔ v[i] (equality of the two state encodings),

– R(w, v) is a formula over w, v, which is true for two valuations sw of w and
sv of v iff sw →A sv (encodes the transition relation of the paths),

– Ry(w, v) is a formula over w, v, which is true for two valuations sw of w and
sv of v iff sw →y sv (encodes the transitions resetting the clock y),

– Lk,j(l) := R(wk,j , wl,j), (encodes a backward loop from the k-th state to the
l-th state in the symbolic k-path j, for 0 ≤ l ≤ k).

The translation of [Mψ,s0 ]k, representing the transitions in the k-model is given
by the following definition.

Definition 12 (Encoding of Transition Relation). Let Mk= ((S, s0, Pk),V )
be the k-model of M , and ψ be an ECTLy formula. The propositional formula

[Mψ,s0 ]k is defined as follows:

[Mψ,s0 ]k := Is0(w0,0) ∧

fk(ψ)
∧

j=1

k−1
∧

i=0

R(wi,j , wi+1,j)

where w0,0, and wi,j for 0 ≤ i ≤ k and 1 ≤ j ≤ fk(ψ) are global state variables.

[Mψ,s0 ]k constrains the fk(ψ) symbolic k-paths to be valid k-paths in Mk.

The next step of our algorithm is to translate an ECTLy formula ψ into a

propositional formula. We use [α]
[m,n]
k to denote the translation of an ECTLy

subformula α of ψ at wm,n to a propositional formula, where wm,n are global
state variables with 0 ≤ m ≤ k for 1 ≤ n ≤ fk(ψ) (which correspond to fk(ψ)
symbolic paths), and with m = 0 for fk(ψ)+1 ≤ n ≤ fk(ψ)+r (which correspond
to r global state variables25 for representing states, where the clock y is reset).
Note that the index n denotes the number of a symbolic path, whereas the index
m the position at that path.

25 Recall that r is the number of non-trivial intervals in ϕ, where ψ = cr(ϕ).
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[℘]
[m,n]
k := ℘(wm,n),

[¬℘]
[m,n]
k := ¬℘(wm,n),

[α ∧ β]
[m,n]
k := [α]

[m,n]
k ∧ [β]

[m,n]
k ,

[α ∨ β]
[m,n]
k := [α]

[m,n]
k ∨ [β]

[m,n]
k ,

[Xyα]
[m,n]
k :=

∨

1≤j≤r

(

Ry(wm,n, w0,fk(ψ)+j) ∧ [α]
[0,fk(ψ)+j]
k

)

,

[E(αUβ)]
[m,n]
k :=

∨

1≤i≤fk(ψ)

(

H(wm,n, w0,i) ∧
∨k

j=0

(

[β]
[j,i]
k ∧

∧j−1
l=0 [α]

[l,i]
k

)

)

,

[E(αRβ)]
[m,n]
k :=

∨

1≤i≤fk(ψ)

(

H(wm,n, w0,i) ∧
(

∨k

j=0

(

[α]
[j,i]
k ∧

∧j−1
l=0 [β]

[l,i]
k

)

∨

∧k

j=0 [β]
[j,i]
k ∧

∨k

l=0 Lk,i(l)
))

.

Given the translations above, we can now check ψ over Mk by checking satis-

fiability of the propositional formula [Mψ,s0 ]k∧[ψ]
[0,0]
k . The translation presented

above can be shown to be correct and complete.

Theorem 2. Let M be a model, Mk be a k-model of M , and ψ be an ECTLy

formula. Then, M |=k ψ iff [ψ]Mk
∧ [Mψ,s0 ]k is satisfiable.

We have all ingredients in place to give the algorithm for BMC of TECTL.

Definition 13. BMC algorithm for TECTL:

1. Let ϕ be a TECTL formula and A be a timed automaton.
2. Let M = ((S, s0,→d), V ) be the r-discretized model with the extended valua-

tion function for Aϕ.
3. Let ψ = cr(ϕ) be the ECTLy formula.
4. Set k := 1.
5. Select the k-model Mk.
6. Select the submodels M ′

k of Mk with |P ′
k| ≤ fk(ψ).

7. Encode the transition relation of all M ′
k by a propositional formula [Mψ,s0 ]k.

8. Translate ψ over all M ′
k into a propositional formula [ψ]Mk

.

9. Check the satisfiability of [M,ψ]k := [Mψ,s0 ]k ∧ [ψ]Mk
.

10. If [M,ψ]k is satisfiable, then return Mc(A) |= ϕ.
11. Set k := k + 1.
12. If k = |M | + 1, then return Mc(A) 6|= ϕ else go to 5.

Checking Reachability with BMC. Reachability of a propositional formula
p in a timed automaton A can be specified by the ECTL formula EFp. So, in
principle, reachability can be verified using the above approach over DMR(A)
slightly modified to incorporate zero time successor steps. It turns out, however,
that a slight change in the technique can dramatically influence efficiency of the
method in this case.

First of all, we consider k-paths over DM(A), rather than over DMR(A),
which means that action and adjust transitions are not combined, and the delay
transition relation is transitive. Secondly, we use the notion of a special k-path,
which satisfies the following conditions.
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– It begins with the initial state.
– The first transition is a time delay one.
– Each time delay transition is directly followed by an action one.
– Each action transition is directly followed by an adjust one.
– Each adjust transition is directly followed by a time delay one.
– The above three rules do not apply only to the last transition of a special
k-path.

Obviously, it is sufficient to use only one symbolic path to encode all the special
k-paths. Thus, the reachability problem is translated to conjunction of the en-
coding of the symbolic path and the encoding of the propositional property p at
the last state of that path. If this conjunction is satisfiable, then p is reachable.
In Section 8 we discuss experimental results obtained using this method.

Checking Unreachability with BMC. Unreachability of a propositional for-
mula p in a timed automaton A means that the ACTL formula AG¬p holds in
A. Again, for verification, we could check the ECTL formula EFp over a slightly
modified DMR(A), but, in this case, we have to prove that this formula does
not hold in the model. This is, obviously, one of the major problems with BMC,
as in the worst case the algorithm needs to reach the upper bound for k, i.e.,
the size of the model.

There is, however, another approach to checking unreachability, which in
many cases (the method is not complete) gives striking results. The idea is to
use a SAT-solver to find a minimal (possible) k such that if ¬p holds at all the
k-paths, then it means that p is unreachable. The method described below finds
such a k, if each path at which p holds only at the final state is finite. To this
aim, a free special k-path is defined. It satisfies all the conditions on a special
k-path except for the first one, i.e., it does not need to start at the initial state.

In addition we require that for a special k-path the following conditions hold:

– p holds only at the last state if the last transition is an action one,
– p holds only at the last two states if the last transition is an adjust one,
– p holds only at the last three states if the last transition is a time delay one.

Notice that if p holds in our model, then it holds at a path of length restricted
by the length of a longest special k-path.

So, using one symbolic k-path, we encode all the free special k-paths in order
to find the length of a longest one satisfying the above three conditions. If the
above encoding is unsatisfiable for some k = k0, then it means that we have
found a longest free path. It is known that we can look for such a k by running
the algorithm for the values of k satisfying k mod 3 = 2 only. Then, when
we find k0 for which the encoding is unsatisfiable, we can run the check for
reachability of p up to k = k0−3. If the reachability algorithm does not find the
formula satisfiable for such a k, then it means that p is indeed unreachable.

Unfortunately, the above method is not complete, it fails when there are
loops in the unreachable part of the state space involving states satisfying ¬p,
from which a state satisfying p is reachable.
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A solution to make the method complete by encoding that a free special
path is loop-free i.e., no state repeats at the path, turns out to be ineffective in
practice [92]. In Section 8 we discuss experimental results obtained using this
method.

7 Existing Tools

Tools for TPN’s. Some of the existing tools for Petri nets with time are listed
below:

– Tina [16] - a toolbox for analysis of (time) Petri nets. It constructs state class
graphs [14, 15] and performs LTL or reachability verification. In addition,
Tina builds atomic state class graphs [17] to be used for verification of CTL
formulas.

– Romeo [70] - a tool for time Petri nets analysis, which provides several
methods for translating TPN’s to TA [25, 49] and computation of state class
graphs [35].

– INA (Integrated Net Analyser) - a Petri net analysis tool, supporting place/
transition nets and coloured Petri nets with time and priorities. Among
others, INA provides verification by analysis of paths for TPN’s [67].

– CPN Tools [69] (a replacement for Design/CPN) - a software package
for modelling and analysis of both timed and untimed Coloured Petri Nets,
enabling their simulation, generating occurrence (reachability) graph, and
analysis by place invariants.

Tools for TA. There are many tools using the approaches considered in this
paper. Below, we list some of them and give pointers to the literature, where
more detailed descriptions can be found.

– Cospan - a tool for verifying the behaviour of designs written in the industry
standard design languages VHDL and Verilog. It implements an automata-
based approach to model checking including an on-the-fly enumerative search
(using zones in the timed case), as well as symbolic search using BDDs. A
detailed description of timed verification can be found in [8].

– Kronos [91] is a tool which performs verification of TCTL using forward
or backward analysis, and behavioural analysis, which consists in building
the smallest finite quotient of a timed model (using minimization), and then
checking whether the minimal model of the system simulates that of the
specification. DBM’s are used for representing zones.

– UppAal2k (a successor of UppAal) - a tool for modelling, simulation and
verification of timed systems, appropriate for systems which can be described
by a collection of non-deterministic processes with finite control structure
and real-valued clocks, communicating through channels or shared variables.
Forward reachability analysis, deadlock detection and verification of prop-
erties expressible in a subset of TCTL are available. Many optimizations
are implemented, e.g. application of Clock Difference Diagrams (CDD’s) to
represent unions of regions [11].
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– Red is a fully symbolic model checker based on data structures called Clock
Restriction Diagrams (CRD) [85]. It supports TCTL model checking and
backward reachability analysis.

– HyTech [39] - an automatic tool for the analysis of embedded systems.
Real-time requirements are specified in the logic TCTL and its modification
- ICTL (Integrator Computation Tree Logic), used to specify safety, liveness,
time-bounded and duration requirements of hybrid automata. Verification
is performed by a successive approximation of the set of states satisfying
the formula to be checked, by iterating boolean operations and weakest-
precondition operations on regions (see [7]).

– Rabbit [18] - a tool for BDD-based verification of real-time systems, devel-
oped for an extension of TA, called Cottbus Timed Automata, and providing
reachability analysis.

– VerICS [31] - implements partition refinement algorithms and SAT-based
BMC for verifying TCTL and reachability for timed automata and Estelle
programs.

8 Experimental Results for Verifying TPN’s and TA

In this section we compare experimental results for the four TPN’s of Figure 1,
and for the TA of Figure 2 modelling Fischer’s mutual exclusion algorithm.

In the first table (Fig. 4) we give the sizes of several abstract models for all the
nets, obtained using either state classes approaches (Yoneda’s implementation,
Tina), or minimization algorithms (VerICS, Kronos) applied to translations26 to
timed automata as well as directly to the TA of Figure 2. The experiments were
performed on a PC (Intel Pentium III 640MHz), with the assumed limit on the
execution time (30 min) and memory required (128 MB RAM + 128 MB of
swap space under Linux). For the Fischer’s protocol, we give the sizes of models
for 3 processes as well as for the maximal number of processes a model could
be generated for. The abbreviation nsp means that the tool does not support
verification of time Petri nets, where Lft of a transition is equal to ∞.

The models generated can be divided into three groups, the first of which
contains the structures to be used for reachability checking: (strong) state class
graphs (SCG and SSCG, resp.), geometric region graphs, forward-reachability
graphs obtained using inclusion [30] and extrapolation abstractions (forw -ax -
ai), and pseudo-simulating models generated for the semantics which collects to-
gether time- and transition steps (ps- discrete). The next group includes various
kinds of bisimulating models built for the above semantics: (strong) atomic state
class graphs (SASCG and atomic, resp.), and models denoted by bis. discrete.
In a separate class are bisimulating models for the dense semantics considered
in this paper (i.e., bis. dense).

Notice that the sizes of models for the nets 5a, 5b, and 5c are comparable for
different approaches and there is no tool (approach), which would outperform
the other ones w.r.t. the sizes of all the types of models. For MUTEX of 3

26 Processes-as-clocks translations of [64] are used.
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processes, all the algorithms give nearly the same results, but only Tina can
generate models for MUTEX of 9 processes within the assumed time limit.

Net 5a Net 5b Net 5c Mutex ∆=1, δ=2 Mutex ∆=2, δ=1
states edges states edges states edges noP states edges noP states edges

obtained by TPN - specific methods

Tina SASCG 36 61 62 163 80 204 3 65 96 3 152 240
9 81035 280170 7 73600 200704

Tina SCG 18 26 34 58 50 76 3 65 96 3 152 240
9 81035 280170 7 73600 200704

Tina SSCG 21 29 39 63 60 93 3 65 96 3 152 240
9 81035 280170 7 73600 200704

impl.[89] atomic 53 95 64 179 168 363 3 nsp nsp 3 nsp nsp
impl.[89] geometric 16 25 32 57 105 170 3 nsp nsp 3 nsp nsp

obtained by TPN →TA translations

VerICS bis. dense 54 80 135 230 186 323 3 77 108 3 200 312
3 77 108 3 200 312

VerICS bis. discr. 26 47 46 135 80 204 3 65 96 3 152 240
3 65 96 3 152 240

VerICS ps- discr. 21 34 13 22 53 121 3 65 96 3 152 204
3 65 96 3 152 204

Kronos bis. dense 51 77 134 229 185 321 3 77 108 3 200 312
5 807 1590 4 1008 1856

Kronos forw -ai -ax 37 42 37 42 26 40 3 214 321 3 613 1084
5 33451 62223 4 12850 27848

Fig. 4. Experimental results for the nets in Fig. 1

In the second table (Fig. 5) we display the results of applying the BMC algo-
rithm (for checking reachability and unreachability) to timed systems modelling
Fischer’s mutual exclusion. We verify that either mutual exclusion is violated
for ∆ = 2 and δ = 1, or is preserved for ∆ = 1 and δ = 2. BMC is applied either
directly to the TA, or to the timed automaton resulting from the translation of
the TPN. For the case of ∆ = 2 and δ = 1 we provide the time and memory
resources needed to confirm satisfiability of the property on a special path of
length k = 17, whereas for ∆ = 1 and δ = 2 the time given is sum of the times
required to check that a special free path of length k = 44 is the longest possible
one and then to check satisfiability on the special path of that length. These
experiments were performed on a PC (AMD Athlon XP 1800 - 1544MHz).

Notice that the BMC could verify MUTEX modelled by the TPN or the TA
for ∆ = 1, δ = 2 of 8 processes, and respectively of 104 and 310 processes, where
the mutual exclusion was violated (∆ = 2 and δ = 1).

The above results show that verifying time Petri nets via translations to
timed automata can sometimes give better results than using specific methods
for nets. This is especially the case, when BMC is used for verification. Therefore,
it seems interesting to investigate different combinations of specific methods for
both timed automata and time Petri nets like for example BMC applied to
models based on state class graphs rather that on r-discretized region graphs.
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TPN→TA TA
Parameters NoP variables clauses sec MB variables clauses sec MB

∆ = 1, δ = 2 8 61530 176319 10890.1 61.31 36461 103228 2326.3 34.5

∆ = 2, δ = 1 8 22552 64442 8.0 21.9 13357 37666 0.7 20.5
∆ = 2, δ = 1 10 29918 86002 14.5 23.5 17283 49034 1.1 20.2
∆ = 2, δ = 1 50 378203 1118763 99.7 100.5 156941 459722 21.8 31.7
∆ = 2, δ = 1 104 1411156 4200809 1397.6 577.9 528136 1562194 218.8 75.9
∆ = 2, δ = 1 310 - - - - 3873940 11557290 21723.6 648.3

Fig. 5. BMC of VerICS for Fischer’s protocol modelled by TPN and TA
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62. W. Penczek, B. Woźna, and A. Zbrzezny. Bounded model checking for the universal
fragment of CTL. Fundamenta Informaticae, 51(1-2):135–156, 2002.
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