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University of Ł́odź, FMCS
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Abstract. Bounded Model Checking (BMC) is an efficient technique applicable to verification of
temporal properties of (timed) distributed systems. In this paper we show for the first time how to
apply BMC to parametric verification of time Petri nets with discrete-time semantics. The properties
are expressed by formulas of the logic PRTECTL - a parametricextension of the existential fragment
of Computation Tree Logic (CTL).

1. Introduction

In order to check whether a system satisfies a given property,both the system and the property in question
ought to be abstracted. For complex, timed, multi-process or reactive systems a variety of approaches
exist – among them various kinds of Petri nets andtimed automataas system abstractions(models),
and temporal, epistemic, timed, and dynamic logics as the property specification languages. Checking
automatically whether the model conforms to a given specification is known as model checking [9].
One of the approaches used to represent distributed systemswith timing dependencies [6, 7, 16],is time
Petri nets(TPNs) by Merlin and Farber [17]. In this paper we consider (distributed) time Petri nets with
discrete-time semantics [19].
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Bounded model checking (BMC) is an efficient verification method whose main idea consists in
considering a model truncated up to a specific depth. In this work we use SAT-based BMC verifica-
tion, consisting in translating a model checking problem solvable on a fraction of a model into a test of
propositional satisfiability, which is then made using a SAT-checker.The method has been successfully
applied to verification of both timed and untimed systems [2,3, 4, 8, 12, 22, 27, 29]. This paper shows
how to adapt BMC methods, presented in [22, 28, 29, 30] and developed for timed automata, to the case
of time Petri nets and parametric properties. The properties are expressed by formulas of the logic PR-
TECTL [11] - a parametric extension of the existential fragment of Computation Tree Logic (CTL). This
is a relatively untouched area of research. We believe that our approach shows how to apply parametric
model checking inpracticeas this problem is known to be of high complexity [5].

The rest of the paper is organized as follows. In Section 2 a related work is discussed. Section 3
recalls from [11] the syntax and semantics of the logics usedin this paper. Section 4 introducesk-models
together with the bounded semantics forvRTECTL andPRTECTL. In Section 5the translation of a
model and a property under investigation is presented together with an algorithm forBMC. Section 6
contains an application of the above method to time Petri Nets. Experimental results for the Generic
Pipelining Paradigm are shown in Section 7. The concluding remarks are in Section 8.

2. Related Work

The logics investigated in this paper were introduced in [11], whereas an application ofBMC to the
existential fragment ofCTL originates from [21] with a further optimisation shown in [31]. While self-
contained, this paper can beconsidered as an extension of [15] and [20].The work presented here falls
into a broad area of the Parametric Model Checking – an ambiguous term which may mean that we
deal with the parameters in models (as in [1] and [13]), in logics (as in [11] and [5]) or in both (as in
[26]). There are two reasons limiting the practical applications of the Parametric Model Checking. The
first one – computational complexity of the problem – is the result of the presence of satisfiability in
the Presburger Arithmetic (PA) as a subproblem. In case of the translation of the existential fragment of
TCTL to PA formulae proposed in [5], the joint complexity of the solution is3EXPTIME. The second
– undecidability of the problem for Parametric Timed Automata in general [1] – results inthe fact that
some of the proposed algorithmsmay not to stop[13].

3. Parameterized Temporal Logics

In this section we recall two extensions of Computation TreeLogic (CTL) [10], introduced in [11].
The main logic considered in this paper, namelyPRTCTL logic, is built of expressions containing
CTL–like modalities with additional parametric superscriptsexpressing thetime lengthsof paths. The
universal and existential quantifiers over forementioned parameters are also allowed inPRTCTL. The
vRTCTL logic can be perceived as an intermediate logic in buildingPRTCTL sentences. The for-
mulae ofvRTCTL do not contain quantifiers and are evaluated under the accompanied parameter val-
uations. To give an example, considervRTCTL formula φ(Θ) = EF (AG≤ΘreceivingData =⇒
EG≤2Θ¬socketOpen). Under the parameter valuationυ such thatυ(Θ) = 2 we evaluate[φ(Θ)]υ =
EF (AG≤2receivingData =⇒ EG≤4¬socketOpen). Introducinga universal quantifier over param-
eterΘ bounded by10 we gotψ=∀Θ≤10EF (AG≤ΘreceivingData =⇒ EG≤2Θ¬socketOpen). The
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meaning ofψ is that for each time boundΘ smaller or equal than10 there exists a future state such that
if every execution path starts with consecutive data receiving steps takingΘ time together, then among
these paths there is one such that the data input socket is closed for time of2Θ. Therefore, we have
expressed a qualitative property of the system without using anyconcrete values.

We interpret formulae, following the approach of Emerson and Trefler[11], in timed Kripke struc-
tures – i.e. standard Kripke structures having the transitions labelledwith natural numbers. The value
of a label showshow longit takes to traverse the transition. Throughout this paper by N we denote the
set of all natural numbers (including0), and byα(Θ1, . . . ,Θn) we point out that the formulaα contains
free parametersΘ1, . . . ,Θn.

3.1. Syntax

Let Θ1, . . . ,Θn be variables, called hereparameters. An expression of the formη =
∑n

i=1 ci ·Θi + c0,
wherec0, . . . , cn ∈ N, is called alinear expression. A functionυ : {Θ1,Θ2, . . . ,Θn} −→ N is called a
parameter valuation. Let Υ be the set of all the parameter valuations.

Definition 3.1. LetPV be a set of propositional variables containing the symboltrue. We defineinduc-
tively the formulae ofvRTCTL :

1. every member ofPV is a formula,

2. if α andβ are formulae, then so are¬α, α ∧ β andα ∨ β,

3. if α andβ are formulae, then so areEXα, EGα, andEαUβ,

4. if η is a linear expression,α andβ are formulae ofvRTCTL, then so areEG≤ηα andEαU≤ηβ.

The conditions1, 2, and3 alone defineCTL. Notice thatη is allowed to be a constant. The logic defined
by a modification of the above definition, whereη = a for a ∈ N, is calledRTCTL in [11].

Definition 3.2. The formulae ofPRTCTL are defined as follows:

1. if α ∈ vRTCTL, thenα ∈ PRTCTL,

2. if α(Θ) ∈ PRTCTL, whereΘ is a free parameter, then
∀Θα(Θ),∃Θα(Θ),∀Θ≤aα(Θ),∃Θ≤aα(Θ) ∈ PRTCTL, for a ∈ N.

3.2. Semantics

We evaluate the truth of the sentences and the formulae accompanied with parameter valuations in timed
Kripke structures [11].

Definition 3.3. Let PV be a set of propositional variables containing the symboltrue. A timed Kripke
structure (amodel) is a tuple(S, s0,→,L), whereS is a finite set ofstates, s0 ∈ S is an initial state,
→ ⊆ S × N × S is a transition relation such that for everys ∈ S there existss′ ∈ S andn ∈ N

with (s, n, s′) ∈ → (i.e., the relation is total), andL : S −→ 2PV is a labelling function satisfying
true ∈ L(s) for eachs ∈ S.
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By s
n
→ s′ we denote that(s, n, s′) ∈ →. The intuitive meaning ofs

n
→ s′ is that it takesn time

units to reachs′ from s. The labelling function assigns to each states a set of propositions which are
assumed to be true ats. An infinite sequenceπ = (s0, n0, s1, n1, . . .) such thatsi are states of a model
andsi

ni→ si+1 for i ∈ N is called apath. By π(i) we denote thei–th state present on a pathπ. We
define thetime distancebetween positionsπ(0) andπ(j) asδj

π :=
∑j−1

i=0 ni, assume thatδ0π = 0, and
limj→∞δ

j
π =∞ (we considerprogressivepaths only).The number of the states ofM is called the size

of M and denoted by|M |. For a parameter valuationυ and a linear expressionη, by υ(η) we mean the
evaluation ofη underυ.

Definition 3.4. (Semantics ofvRTCTL)
Let M be a model,s – a state,α, β – formulae ofvRTCTL. M, s |=υ α denotes thatα is true at the state
s in the modelM under the parameter valuationυ. We omitM where it is implicitly understood. The
relation|=υ is defined inductively as follows:

1. s |=υ p iff p ∈ L(s)

2. s |=υ ¬p iff p 6∈ L(s),

3. s |=υ α ∧ β iff s |=υ α ands |=υ β,

4. s |=υ α ∨ β iff s |=υ α or s |=υ β,

5. s |=υ EXα iff ∃π

(

π(0) = s andπ(1) |=υ α
)

,

6. s |=υ EGα iff ∃π

(

π(0) = s and∀i≥0π(i) |=υ α
)

,

7. s |=υ EαUβ iff ∃π

(

π(0) = s and∃i≥0

[

π(i) |=υ β and∀0≤j<iπ(j) |=υ α
])

,

8. s |=υ EG
≤ηα iff ∃π

(

π(0) = s and∀i≥0(δ
i
π ≤ υ(η) impliesπ(i) |=υ α)

)

,

9. s |=υ EαU
≤ηβ iff ∃π

(

π(0) = s and∃i≥0

[

δi
π ≤ υ(η) andπ(i) |=υ β and∀0≤j<iπ(j) |=υ α

])

.

Notice that if avRTCTL formula contains no parameters (i.e., it is anRTCTL formula), then the
parameter valuationυ is irrelevant and may be omitted.

Definition 3.5. (Semantics ofPRTCTL)
Let M be a model,s – a state, andα – a formula ofPRTCTL. M, s |= α denotes thatα holds at the
states in the modelM. The relation|= is defined inductively as follows:

1. s |= ∀Θα(Θ) iff ∀iΘ≥0s |= α(Θ← iΘ),

2. s |= ∀Θ≤aα(Θ) iff ∀0≤iΘ≤as |= α(Θ← iΘ),

3. s |= ∃Θα(Θ) iff ∃iΘ≥0s |= α(Θ← iΘ),

4. s |= ∃Θ≤aα(Θ) iff ∃0≤iΘ≤as |= α(Θ← iΘ),

whereiΘ is a fresh integer variable andα(Θ← iΘ) means thatΘ is substituted byiΘ in α.



M. Knapik et al. / Bounded Parametric Verification for Distributed Time Petri Nets with Discrete-Time Semantics 5

The following lemma1, adapted fromProposition 4 from [11], states that in evaluating formulaeof
vRTCTL we can restrict the values of parameter valuationsby a certain model-induced constant.

Lemma 3.1. Let M = (S, s0,→,L) be a timed Kripke structure,α ∈ vRTCTL, υ – a parameter
valuation, andnmax – the greatest time label of a time transition present inM .
Then,M,s |=υ α iff M,s |=υ′ α, whereυ′(Θ) = min{nmax · |M |, υ(Θ)} for each parameterΘ.

A direct application of Lemma 3.1 yields the next theorem -an extensionof Theorem 1 of [11].

Theorem 3.1. Let M be a timed Kripke structure andQ1Θ1≤a1
. . . QnΘ1≤an

f(Θ1, . . . ,Θn), where
Qi∈{∃,∀}, ai∈N∪{∞}, be aPRTCTL sentence. Then,M,s |= Q1Θ1≤a1

. . . QnΘ1≤an
f(Θ1, . . . ,Θn)

iff M,s |= Q1Θ1≤min{a1,nmax|M |} . . . QnΘ1≤min{an,nmax|M |}f(Θ1, . . . ,Θn).

Notice that the direct consequence of the above theorem is that each unbounded quantifier can be re-
placed, without changing the validity of a formula in a fixed modelM, with a version bounded with the
nmax|M | value. Similarly we can argue that non-superscripted modalities can be replaced bysimilar
formulaewith ≤ nmax|M | superscript. Therefore, from now on we omit the unbounded quantifiers and
non-superscriptedEU andEG in our considerations. The methods presented in this paper,as typical for
BMC, are applied to theexistentialparts of the considered logics only.

Definition 3.6. The logicsvRTECTL, RTECTL, and PRTECTL are defined as the restrictions of
vRTCTL, RTCTL, and the set of sentences ofPRTCTL such that the negation can be applied to the
propositions only,respectively.

4. Bounded Semantics

We aim at verifying the properties expressed in the existential fragments of the considered logics by
means of bounded model checking. Intuitively, to this end weunfold the computation tree of a given
model to a limited depth and check the validity of the property in question along such a finite structure.

Definition 4.1. Let M be a model, andk ∈ N. By Pathk let us denote the setof all the sequences
(s0, n0, s1, n1, . . . , sk), wheresi is a state andsi

ni→ si+1 for all 0 ≤ i <k. The pair(Pathk,L) is called
thek–modelof M and denoted byMk. An elementπk ∈ Pathk is called ak–path.

Definition 4.2. LetMk be thek-model ofM andπk ∈ Pathk.Define the functionloop : Pathk −→ 2N

asloop(πk) = {l | l ≤ k ∧ ∃m∈N(πk(k)
m
→ πk(l))}.

A k-pathπk is called aloop if loop(πk) 6= ∅. Observe that loops are essentially a way of representing
some infinite paths in a finite way. The previously defined timedistanceδj

π function extends to time
distanceδj

πk
along ak–pathπk in a natural way. We abbreviateδk

πk
asδπk

. Similarly, for ak–pathπk

andc ∈ N we define∆c
πk

= max{i | i ≤ k ∧ δi
πk
≤ c} - the maximal indexi of πk s.t. δi

πk
≤ c.

1Due tothe space limit, the more involved proofs have been moved to Appendix.
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Definition 4.3. (Bounded semantics forvRTECTL)
LetMk = (Pathk,L) be thek–model ofM, s – a state,p ∈ PV , α, β ∈ vRTECTL andυ – a parameter
valuation. ByMk, s |=υ α we denote thatα holds inMk under valuationυ. We omitMk where it is
implicitly understood. Define the relation|=υ as following:

1. s |=υ p iff p ∈ L(s),

2. s |=υ ¬p iff p 6∈ L(s),

3. s |=υ α ∨ β iff s |=υ α or s |=υ β,

4. s |=υ α ∧ β iff s |=υ α ands |=υ β,

5. s |=υ EXα iff ∃πk∈Pathk

(

πk(0) = s andπk(1) |=υ α
)

,

6. s |=υEG
≤ηα iff ∃πk∈Pathk

[

πk(0)= s and
(

(δπk
>υ(η) and ∀

i≤∆
υ(η)
πk

πk(i) |=υ α)

or (δπk
≤ υ(η) and ∀i≤kπk(i) |=υα andloop(πk) 6= ∅)

)]

,

7. s |=υ EαU
≤ηβ iff ∃πk∈Pathk

(

πk(0) = s and∃
i≤∆

υ(η)
πk

(πk(i) |=υ β and ∀j<iπk(j) |=υ α)
)

.

Definition 4.4. (Bounded semantics forPRTECTL)
LetMk be thek–model ofM, nmax – the greatest time label of the transitions present inM, s – a state,α
– a sentence (a formula without free variables) ofPRTECTL anda ∈ N. Recursively define the relation
|= as follows:

1. Mk, s |= ∀Θ≤aα(Θ) iff ∀0≤iΘ≤min{a,k·nmax}Mk, s |= α(Θ← iΘ),

2. Mk, s |= ∃Θ≤aα(Θ) iff ∃0≤iΘ≤min{a,k·nmax}Mk, s |= α(Θ← iΘ),

whereiΘ is a fresh integer variable.

The following lemma states some fundamental features of thebounded semantics. Namely, thevRTECTL
andPRTECTL properties which are valid in somek–model hold also in the whole modelM. On the
other hand, if a considered property holds inM, it is also valid in somek–model, wherek ≤ |M |.

Lemma 4.1. Let k, l ∈ N such thatk ≤ l, Mk be thek–model ofM, ands – a state. Consider a formula
α ∈ vRTECTL together with a parameter valuationυ, and a sentenceβ ∈ PRTECTL. The following
conditions hold:

(1). Mk, s |=υ α impliesMl, s |=υ α, andMk, s |= β impliesMl, s |= β,

(2). Mk, s |=υ α impliesM,s |=υ α, andMk, s |= β impliesM,s |= β,

(3). M,s |=υ α impliesM|M |, s |=υ α, andM,s |= β impliesM|M |, s |= β.

5. Bounded Model Checking

Having presentedthe bounded semantics, wenow applythe bounded model checking method tothe
verification ofpropertiesformulated invRTECTL andPRTECTL. TheBMC method is based on the
idea of a translation of a part of the model together with a property in question to a propositional formula.
Satisfiability of the result means that the translated formula holds in the model.
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5.1. Submodels

In order to obtain an acceptable efficiency, theBMC algorithm works on submodels of thek–model.

Definition 5.1. Let Mk = (Pathk,L) be thek-model. A substructureM ′
k = (Path′k,L

′), where
Path′k ⊆ Pathk andL′ is the restriction ofL to the states present in the paths ofPath′k, is called a
submodelof Mk.

The bounded semantics ofvRTECTL formulae andPRTECTL sentences over submodels is defined as
for k–models. IfM ′

k =(Path′k,L
′) andM ′′

k =(Path′′k,L
′′) are submodels of somek–modelMk, such

thatPath′′k⊆Path
′
k, we writeM ′′

k ⊆M
′
k.

Lemma 5.1. LetMk be thek–model,M ′
k andM ′′

k – its submodels, such thatM ′′
k ⊆M

′
k ands – a state

present in some path ofM ′′
k . Then, we have:

1. M ′′
k , s |=υα⇒M ′

k, s |=υα, for α∈vRTECTL and any parameter valuationυ,

2. M ′′
k , s |= α⇒M ′

k, s |= α, for α ∈ PRTECTL.

Proof:
The first part of the lemma is easily proved by the structural induction. In order to prove the second part,
notice that in the bounded semantics the non-modal quantifiers are rewritten as, respectively, conjunc-
tions or disjunctions, and use the result of the first part. ⊓⊔

It was proved in [21] that in order to determine the truth of anECTL formula inMk it is sufficient to
consider only submodels of a size given by a special functionon the checked formula. In this paper we
extend these results.

Definition 5.2. Let α, β ∈ PRTECTL, p be an atomic proposition, andη - a linear expression. Define
recursively the special functionfk : PRTECTL −→ N as follows:

1. fk(p) = fk(¬p) = 0,

2. fk(α ∨ β) = max(fk(α), fk(β)),

3. fk(α ∧ β) = fk(α) + fk(β),

4. fk(EXα) = fk(α) + 1,

5. fk(EG
≤ηα) = (k + 1) · fk(α) + 1,

6. fk(EαU
≤ηβ) = k · fk(α) + fk(β) + 1,

7. fk(∀Θ≤cβ(Θ)) = (c+ 1) · fk(β(Θ)),

8. fk(∃Θ≤cβ(Θ)) = fk(β(Θ)).

The following lemmas state that we can determine the truth ofvRTECTL andPRTECTL formulae in
thek-model using submodels of size bounded by the value of the appropriate function.
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Lemma 5.2. Let α ∈ vRTECTL, Mk be thek-model andυ – a parameter valuation. For any states
present in some path ofMk, Mk, s |=υ α if and only if there exists a submodelM ′

k of Mk such that
M ′

k, s |=υ α and|Path′k| ≤ fk(α).

Proof:
See Appendix. ⊓⊔

Lemma 5.3. Let β be aPRTECTL sentence andMk be thek-model. For any states present in some
path ofMk, Mk, s |= β if and only if there exists a submodelM ′

k of Mk such thatM ′
k, s |= β and

|Path′k| ≤ fk(β).

Proof:
Straightforward induction with respect to the number of parameters, using Lemma 5.2. ⊓⊔

5.2. Translation toSAT

In order to translate the problem of validity of a sentenceα ∈ PRTECTL in the submodelM ′
k to

the problem of satisfiability of a propositional formula
[

α
]

k
we encodeM ′

k andα into propositional
logic, and then combine the results together. We present an adaptedversion of the efficient translation
introduced in [31].

Considera modelM. As the number of the states ofM is finite, they can beencoded as bit vectors
of length r = ⌈log|M |⌉. Therefore, we can represent the states as the valuations ofthe vectorw =
(w1, . . . , wr). Due to the fact that we need to count the time passed along a path, we augment the
representation of states with an additional bit vectord = (d1, . . . , dz) of lengthz = ⌈log(k · nmax)⌉
wherenmax denotes, as previously, the maximal value of transition label present inM . The vector
w = (w1, . . . , wr, d1, . . . , dz) is called aglobal state variable, while each its member is called astate
variable. Moreover, byww anddw we denote the subvectorsw andd of the vectorw. Denote by
SV a set of state variables.A valuationV : SV −→ {0, 1} naturally extends to the valuationŝV :
SVr −→ {0, 1}r andD̂ : SVz → {0, 1}z in such a way that̂V (w1, . . . , wr) = (V (w1), . . . , V (wr))
andD̂(d1, . . . , dz) = (V (d1), . . . , V (dz)). With a slight notational abuse, we denote byV̂ (w) the state
encoded byww, and byD̂(w) - the value of time encoded bydw. Thesymbolick-path is a vector of
global state variables. As we need a number of symbolick-paths to represent thek-paths in a translated
submodel, by(w0,i,w1,i, . . . ,wk,i) we denote thei-th symbolick-path, wherewj,i is a global state
variable.

Let w,w′ be global state variables,s a state andp a proposition. In the rules of the translation the
following propositional formulae are used:

1. p(w) denotes a formula such thatV |= p(w) iff p ∈ L(V̂ (w)),

2. T (w,w′) denotes a formula such thatV |= T (w,w′) iff V̂ (w) → V̂ (w′) (i.e., there exists a
transition between̂V (w) and V̂ (w′) in the modelM , but the values of̂D(w), D̂(w′) are not
taken into account),

3. Td(w,w′) denotes a formula such thatV |= Td(w,w′) iff V̂ (w)
n
→ V̂ (w′) for somen ∈ IN,

andD̂(w′) = D̂(w) + n (i.e., there exists a transition betweenV̂ (w) and V̂ (w′) in the model
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M , and the difference between̂D(w′) andD̂(w) corresponds to the time passed while performing
this transition),

4. H(w,w′) is a formula s.t.V |= H(w,w′) iff V̂ (w) = V̂ (w′) (encodes equality of states),

5. Lk(j)=
∨k

i=0 T (wk,j,wi,j) encodes a loop, i.e.,V |= Lk(j) iff loop((V̂ (w0,j), .., V̂ (wk,j))) 6= ∅,

6. Is0(w) is a formula s.t.V |= Is0(w) iff V̂ (w) = s andD̂(w) = 0 (encodes the initial state),

7. Z(w) is a formula s.t.V |= Z(w) iff D̂(w) = 0 (w encodes the first state of a path),

8. Le(w, a), for a ∈ IN, is a formula such thatV |= Le(w, a) iff D̂(w) ≤ a.

LetM be a model andA be a finite subset ofN. Theunfolding of the transition relationis defined as

[

M
]A

k
:=

∧

j∈A

k−1
∧

i=0

Td(wi,j,wi+1,j).

It is easy to see thatV |=
[

M
]A

k
iff for each j ∈ A, (V̂ (w0,j), . . . , V̂ (wk,j)) is a k-path inM . As

the translation introduced in [31] was an essential improvement over the original one of [21], we follow
Zbrzezny’s approach in our work.

Following [31], letA andB be finite subsets ofN. By A ≺ B we denote thatx < y for all x ∈ A
andy ∈ B. Let k,m, p ∈ N andm ≤ |A|, then:

1. ĝL(A,m) is the subsetB of A such that|B| = m andB ≺ A\B,

2. ĝR(A,m) denotes the subsetB of A such that|B| = m andA\B ≺ B,

3. hX(A) is the setA\{min(A)},

4. if k + 1 divides|A| − 1 thenhG(A, k) is the sequence of sets(B0, . . . , Bk) such that
⋃k

i=0Bi =
A\{min(A)}, |Bi| = |Bj | andBi ≺ Bj for every0 ≤ i < j ≤ k,

5. if k divides |A| − 1 − p, thenhU (A, k, p) denotes the sequence of sets(B0, . . . , Bk) such that
⋃k

i=0Bi = A\{min(A)}, Bi ≺ Bj for every0 ≤ i < j ≤ k, |B0| = . . . = |Bk−1| and|Bk| = p.

We also need a sequence element selector that is ifhG(A, k) = (B0, . . . , Bk) then definehG(A, k)(i) =
Bi for 0 ≤ i ≤ k and if hU (A, k, p) = (B0, . . . , Bk), definehU (A, k, p)(i) = Bi for 0 ≤ i ≤ k. The
functionsĝL and ĝR are used to divide the set of path indices into the two parts ofthe sizes sufficient
to perform the independent translation of subformulaeα andβ of formulaα ∧ β. Similarly, hG andhU

are used to divide the set of path indices into the sequences (hence the use of the selector) of subsets
which are of the sizes sufficient to perform the translation of subformulaeα andα together withβ of,
respectively, formulaeEG≤ηα andEαUηβ. A more in-depth description can be found in [31].

Definition 5.3. (Translation of vRTECTL)
Let α, β ∈ vRTECTL, p – an atomic proposition,υ – a parameter valuation,η – a linear expression,
(m,n) ∈ N× N, andA ⊆ N.

•
[

p
][m,n,A,υ]

k
:= p(wm,n) and

[

¬p
][m,n,A,υ]

k
:= ¬p(wm,n),
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•
[

α ∧ β
][m,n,A,υ]

k
:=

[

α
][m,n,ĝL(A,fk(α,υ)),υ]

k
∧

[

β
][m,n,ĝR(A,fk(β,υ)),υ]

k
,

•
[

α ∨ β
][m,n,A,υ]

k
:=

[

α
][m,n,ĝL(A,fk(α,υ)),υ]

k
∧

[

β
][m,n,ĝL(A,fk(β,υ)),υ]

k
,

•
[

EXα
][m,n,A,υ]

k
:= H(wm,n,w0,min(A)) ∧

[

α
][1,min(A),hX(A),υ]

k
,

•
[

EG≤ηα
][m,n,A,υ]

k
:= H(wm,n,w0,min(A)) ∧ Z(w0,min(A)) ∧

(

( Le(wk,min(A), v(η)) ∧ (Lk(min(A)) ∧
∧k

j=0

[

α
][j,min(A),hG(A,k)(j),υ]

k
) )

∨ ( ¬Le(wk,min(A), υ(η)) ∧
∧k

j=0(Le(wj,min(A), υ(η)) ⇒
[

α
][j,min(A),hG(A,k)(j),υ]

k
) )

)

,

•
[

EαU≤ηβ
][m,n,A,υ]

k
:= H(wm,n,w0,min(A)) ∧ Z(w0,min(A)) ∧

∨k
i=0

(

Le(wi,min(A), υ(η)) ∧ (
[

β
][i,min(A),hU (A,k,fk(β,υ))(k),υ]

k
∧

∧i−1
j=0

[

α
][j,min(A),hU (A,k,fk(β,υ))(j),υ]

k
)

)

.

The above encoding is based on the bounded semantics forvRTECTL (see Definition 4.3).

Definition 5.4. (Translation of PRTECTL)
Let α ∈ PRTECTL, A ⊆ N, (m,n) ∈ N × N, andc ∈ N. If α contains no quantifiers and no free
parameters, then:

[

α
][m,n,A]

k
:=

[

α
][m,n,A,υ]

k
, whereυ is any parameter valuation.

As in the above caseα ∈ vRTECTL and it contains no free parameters, the choice ofυ is irrelevant.
Let d = min{c, k · nmax}, then:

[

∀Θ≤cα(Θ)
][m,n,A]

k
:=

[

α(d)
][m,n,ĝL(A,fk(α(d)))]

k
∧

[

∀Θ≤d−1α(Θ)
][m,n,ĝR(A,fk(∀Θ≤d−1α(Θ)))]

k
,

[

∃Θ≤cα(Θ)
][m,n,A]

k
:=

[

α(d)
][m,n,ĝL(A,fk(α(d)))]

k
∨

[

∃Θ≤d−1α(Θ)
][m,n,ĝL(A,fk(∃Θ≤d−1α(Θ)))]

k
.

Let Mk be thek-model. Ifα ∈ PRTECTL, defineFk(α) := {i ∈ N | 1 ≤ i ≤ fk(α)}. The setFk

contains the indices of symbolick-paths used to perform the translation. The formula
[

M
]Fk(α)

k
encodes

all theMk submodels of the size not greater than needed to validate thetruth of formulaα, as indicated
in Lemmas 5.2, 5.3.

We are now readyto complete the translation of the problem of validity invRTECTL andPRTECTL
to the problem of satisfiability of propositional formulae.LetMk be thek-model,α ∈ vRTECTL and
υ be a parameter valuation. Denote

[

M
]α,υ

k
:=

[

M
]Fk(α)

k
∧ Is0(w0,0) ∧

[

α
][0,0,Fk(α),υ]

k
.

Similarly, letβ ∈ PRTECTL, then denote

[

M
]β

k
:=

[

M
]Fk(β)

k
∧ Is0(w0,0) ∧

[

β
][0,0,Fk(β)]

k
.

The following theoremsensure the completenessand correctness of the translation.
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Theorem 5.1. Let Mk be thek-model ofM, υ – a parameter valuation,α – a formula ofvRTECTL
containing at least one modality, ands a state. Then, the following equivalence holds:Mk, s |=υ α iff
[

M
]α,υ

k
is satisfiable.

Proof:
The proof is divided into two parts: the proof of correctnessand the proof of completeness of the trans-
lation, both obtained by the induction on the length of the formula. Both the parts are similar to the
counterparts of the theorem for ECTL that is Theorems3.1 and3.2 from [31]. ⊓⊔

Theorem 5.2. Let Mk be thek-model ofM, β – a sentence ofPRTECTL containing at least one
modality, ands – a state. Then, the following equivalence holds:Mk, s |= β iff

[

M
]β

k
is satisfiable.

Proof:
This can be shown by replacing the non-modal quantifiers in a formula ofPRTECTL with, appropri-
ately, conjunctions or disjunctions, and by using Theorem 5.1. ⊓⊔

6. Implementation for Time Petri Nets

In this section we show how to implement the above verification method for the case of time Petri nets.
To this aim, we start with recalling some basic definitions.

6.1. Time Petri Nets

In the paper we considertime Petri nets and a notable subclass, calleddistributed time Petri nets. The
standard definition of time Petri nets is as follows:

Definition 6.1. A time Petri net (TPN, for short) is a six-element tupleN = (P, T, FR,Eft, Lft,m0),
whereP = {p1, . . . , pnP

} is a finite set ofplaces, T = {t1, . . . , tnT
} is a finite set oftransitions,

FR ⊆ (P × T ) ∪ (T × P ) is theflow relation, Eft, Lft : T → IN are functions describing theearliest
and thelatest firing timeof the transition, where for eacht ∈ T we haveEft(t) ≤ Lft(t), andm0 ⊆ P
is theinitial marking of N .

For a transitiont ∈ T we define itspreset •t = {p ∈ P | (p, t) ∈ FR} andpostsett• = {p ∈ P |
(t, p) ∈ FR}, and consider only the nets such that for each transition thepreset and the postset are
nonempty. We need also the following notations and definitions:

• amarkingof N is any subsetm ⊆ P ,

• a transitiont ∈ T is enabledatm (m[t〉 for short) if •t ⊆ m andt • ∩(m \ •t) = ∅; and leads
fromm tom′, if it is enabled atm, andm′ = (m \ •t) ∪ t•. The markingm′ is denoted bym[t〉
as well, if this does not lead to misunderstanding.

• en(m) = {t ∈ T | m[t〉};

• for t ∈ en(m), newly en(m, t) = {u ∈ T | u ∈ en(m[t〉) ∧ (t • ∩ • u 6= ∅ ∨ u • ∩ • t 6= ∅)}.
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In this work we assume a discrete-time semantics of TPNs, i.e., consider integer time passings only (cf.
[19]). A concrete stateσ of a netN is then a pair(m, clock), wherem is a marking, andclock : T → IN
is a function which for each transitiont ∈ en(m) gives the time elapsed sincet became enabled most
recently, and assigns zero to other transitions. Given a state (m, clock) andδ ∈ IN, denote byclock + δ
the function defined by(clock + δ)(t) = clock(t) + δ for eacht ∈ en(m), and(clock + δ)(t) = 0
otherwise. By(m, clock) + δ we denote(m, clock + δ). Theconcrete state spaceof N is a structure
(Σ, σ0,→c), whereΣ is the set of all the concrete states ofN , σ0 = (m0, clock0) with clock0(t) = 0
for eacht ∈ T is the initial state ofN , and→c⊆ Σ × (T ∪ IN) × Σ is a timed consecution relation
defined by:

• for δ ∈ IN, (m, clock)
δ
→c (m, clock + δ) iff (clock + δ)(t) ≤ Lft(t) for all t ∈ en(m) (time

successor),

• for t ∈ T , (m, clock)
t
→c (m′, clock′) iff t ∈ en(m), Eft(t) ≤ clock(t) ≤ Lft(t), m′ = m[t〉,

and for allu ∈ T we haveclock′(u) = 0 for u ∈ newly en(m, t) andclock′(u) = clock(u)
otherwise (action successor).

Notice that firing of a transition takes no time.
Given a set of propositional variablesPV , we introduce a valuation functionVc : Σ → 2PV which

assigns the same propositions to the states with the same markings. We assume the setPV to be such
that eachq ∈ PV corresponds to exactly onep ∈ P , and use the same names for the propositions and
the places. The functionV is then defined byp ∈ Vc(σ) ⇐⇒ p ∈ m for eachσ = (m, ·). The structure
Mc(N ) = (Σ, σ0,→c, Vc) is called aconcrete modelofN . It is easy to see thatMc(N ) induces a timed
Kripke structure, obtained fromMc(N ) by replacing labels corresponding to transitions by the label 0.

In order to benefit from a structure of the net and obtain a greater efficiency, we consider separately
a subclass of TPNs -distributed time Petri netsdefined as follows:

Definition 6.2. Let I = {i1, . . . , in} be a finite ordered set of indices, and letN = {Ni = (Pi, Ti, FRi,m
0
i
,

Efti, Lfti) | i ∈ I} be a family of 1-safe, sequential time Petri nets (calledprocesses), indexed with
I, with the pairwise disjoint setsPi of places, and satisfying the condition(∀i1, i2 ∈ I)(∀t ∈ Ti1 ∩
Ti2) (Efti1(t) = Efti2(t) ∧ Lfti1(t) = Lfti2(t)).A distributed time Petri netN = (P, T, FR,m0, Eft,
Lft) is the union of the processesNi, i.e.,P =

⋃

i∈I
Pi, T =

⋃

i∈I
Ti, FR =

⋃

i∈I
FRi,m0 =

⋃

i∈I
m0

i
,

Eft =
⋃

i∈I
Efti, andLft =

⋃

i∈I
Lfti.

Notice that the functionEfti1 (Lfti1) coincides withEfti2 (Lfti2, resp.) for the joint transitions of
each two processesi1 and i2. The interpretation of such a system is a collection of sequential, non-
deterministic processes with communication capabilities(via joint transitions).Moreover, we assume
that the initial marking of a DTPN contains exactly one placeof each process of the net,and that all its
processes arestate machines(i.e., for eachi ∈ I and eacht ∈ Ti, | • t| = |t • | = 1), which implies that
in any marking ofN there is exactly one place of each process. It is important toobservethat a large
class of distributed nets can be decomposed to satisfy the above requirement [14].

The structure of the above nets allows to define concrete states of these nets in a differentway. Instead
of assigning aclock to a transition, we assign it to a process; the clock shows thetime passed since the
most recently marked place ofits process was marked. Such a semantics is equivalent to the standard
one [23], but results in reducing the number of clocks, whichinfluences efficiency of implementations.
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In order to be able to perform parametric verification, we introduce an additional restriction on the
nets under consideration, i.e., require they contain no cycle C of transitions such that for eacht ∈ C
we haveEft(t) = 0 (which guarantees that the time flows when the net progresses, and is a typical
assumption when analysing timed systems).

6.2. Implementation

Given a time Petri netN , let cmax denote the greatest finite value of the functionLft of N . It is easy
to see that for each(m, clock) ∈ Σ and eacht ∈ T we haveclock(t) ≤ cmax. Thus, the states of
Σ can be encoded by valuations of a vector of state variablesw being a pair(wm, wc), wherewm =
(wm[1], . . . , wm[nP ]) encodes the marking part of a state, whereaswc = (wc[1], . . . , wc[b]), with b =
⌈log(nT · cmax)⌉, encodes the clock part. LetI = {1, . . . , nP } andI(m) = {i ∈ I | pi ∈ m}. The
functions needed to encode the transition relation are now of the following form:

• H(w,v) =
∧

1≤i≤nP
wm[i] ⇐⇒ vm[i] ∧

∧

1≤i≤b wc[i] ⇐⇒ vc[i],

• pi(w) = wm[i],

• Is0(w) =
∧

i∈I(m0)wm[i] ∧
∧

i∈I\I(m0) ¬wm[i] ∧
∧

i=1,...,b ¬wc[i],

• T (w,v) = Ttrans(w,v)∨ Ttime(w,v), whereTtrans(w,v) encodes that the state represented by
wv is a successor of the state represented byww obtained by firing a transition, andTtime(w, v)
encodes that the state represented bywv is a time successor of the state represented byww

(the details of the last two encodings, as well as of the remaining functions, are omitted for simplicity).
Moreover, it is reasonable to consider sequences of transitions in which time- and action steps alternate.

Contrary to the general case, for DTPNs and their semantics with clocksassigned to processes we
cannot assume any upper bound on clock values. However, the length of time steps can be restricted
(without loss of generality) to a value depending oncmax, which in turn allows to bound values of clocks
on ak-path by a value depending onk andcmax (the details can be found in [20]). This allows to encode
the states on ak-paths by valuations of vectors of state variables, similarly as in the general case. The
functions needed to encode the transition relation, as wellas the structure of sequences of transitions
considered, are of a similar form to the ones listed above (again, the details are omitted forbrevity).

7. Example – Generalized Timed Pipelining Algorithm

We consider the Generic Pipeline Paradigm Petri net model [18]. It consists of three parts: Producer
producing data (ProdReady), Consumer receiving data (ConsReady), and a chain ofn intermediate
Nodes –(NodeiReady) - ready for receiving data,(NodeiProc) - processing data, and(NodeiSend)
- sending data.

Notice that the example can be scaled in order to see how the size of the system influences perfor-
mance, and whether the truth of the verified formulae is affected. The parametersa, b, c, d, e, f are used
to adjust the time properties of Producer, Consumer, and theintermediate Nodes. So, it is possible to
change the constraints on the processing and idle time of each the processes.

We test the following formula:∃ΘEF≤Θ(¬ProdReady ∧ ¬ConsReady ∧ EG≤Θ¬ConsReady).
Intuitively, it expresses that the system can reach, in the time smaller or equal than some valueΘ, such
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[a, b][a, b]
[c, d] [c, d] [c, d] [c, d] [c, d]

[e, f ][e, f ]

Node1Ready Node2Ready

[e, f ]

NodenReady

Node1Proc Node2Proc NodenProc

ConsReadyProdReady

Node1Send NodenSendNode2Send

Figure 1. Generic Timed Pipelining Paradigm

Table 1. Testing the formula∃ΘEF≤Θ(¬ProdReady ∧ ¬ConsReady ∧ EG≤Θ¬ConsReady)
(time measured in seconds, memory in MB).

n k time params PBMC RSat SAT?

a b c d e f | clauses| | vars| time mem time Y/N

0 4 0 5 0 5 0 5 18752 6173 0.3 3.6 0.04 Y

1 20 0 5 0 5 2 1 949002 313710 78.93 44.47 6.46 N

1 8 0 5 0 2 1 3 131783 43424 14.96 9.02 5.02 Y

1 20 0 1 0 2 1 3 670398 222073 87.7 32.22 88.05 N

1 8 0 5 0 2 1 3 131783 43424 15.36 9.02 4.96 Y

2 20 1 3 2 5 1 3 2096085 694835 192.8 94.23 176.11 N

2 20 1 5 2 5 1 5 2080957 690067 208.2 93.58 202.35 N

2 12 1 12 1 12 1 12 1086932 358616 79.95 50.27 156.03 Y

3 20 0 5 0 5 0 5 2462343 817103 298.2 110.1 249.25 N

3 16 1 10 1 10 1 10 3189145 1057781 255.6 141.4 363.43 Y

4 20 0 8 2 8 1 5 5344604 1774816 707 234.6 747.06 N

4 20 0 10 1 10 1 5 6612127 2196285 875.7 289.5 868.55 Y

a state that neither Producer is ready to produce nor Consumer is ready to receive, and for the nextΘ
time steps the Consumer receiving abilities are disabled. As the experiments (see Table 1) confirm, the
validity of this formula heavily depends on the combinationof the constants. For example, comparing
the fourth and fifth row reveals that in a simple one-process pipeline, the time in which Producer and
Consumer are allowed to be idle is crucial to the system processing capabilities. This is quite natural,
because ifb is shortened from5 time units to1, keeping the remaining constants fixed, then Consumer
can remain in the idle state (¬ConsReady) for just one time step. The times of the translation to SAT
(PBMC) and of solving satisfiability by the solver (RSat) aregiven for the value ofk of the second
column.

We implemented the procedure above on top of Verics BMC tool by combining the encodingof the
transition relation for distributed time Petri nets [20] with the encoding of PRTECTL operators [15]. The
experimentswereperformed on1.6 GHz Intel Atom with1GB RAM.
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8. Conclusions and Further Work

The aim of this paper was to present both a general theoretical approach to SAT-based verification of
PRTECTL properties of discrete-timed systems, and its implementation (supported by some experi-
mental results) for time Petri nets with discrete-time semantics. In the second case we focused on dis-
tributed time Petri nets as their structure allowed us to obtain a higher efficiency of the implementation
due to a reduced number of clocks.

Our future work will involve an implementation of the methodalso forstandardTPNs with discrete
semantics. Moreover, we expect that using such a semantics is sufficient to reason aboutPRTECTL
properties also in the case of TPNs with dense time (which is based on results of Popova [24, 25]).
Proving this will be a topic of a next paper.

References

[1] R. Alur, T. Henzinger, and M. Vardi. Parametric real-time reasoning. InProc. of the 25th Ann. Symp. on
Theory of Computing (STOC’93), pages 592–601. ACM, 1993.

[2] G. Audemard, A. Cimatti, A. Kornilowicz, and R. Sebastiani. Bounded model checking for timed systems.
In Proc. of the 22nd Int. Conf. on Formal Techniques for Networked and Distributed Systems (FORTE’02),
volume 2529 ofLNCS, pages 243–259. Springer-Verlag, 2002.

[3] M. Benedetti and A. Cimatti. Bounded model checking for Past LTL. InProc. of the 9th Int. Conf. on Tools
and Algorithms for the Construction and Analysis of Systems(TACAS’03), volume 2619 ofLNCS, pages
18–33. Springer-Verlag, 2003.

[4] A. Biere, A. Cimatti, E. Clarke, M.Fujita, and Y. Zhu. Symbolic model checking using SAT procedures
instead of BDDs. InProc. of the ACM/IEEE Design Automation Conference (DAC’99), pages 317–320,
1999.
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[23] A. Półrola and W. Penczek. Minimization algorithms for time Petri nets.Fundamenta Informaticae, 60(1-
4):307–331, 2004.

[24] L. Popova. On time Petri nets.Elektronische Informationsverarbeitung und Kybernetik, 27(4):227–244,
1991.

[25] L. Popova-Zeugmann. Time Petri nets state space reduction using dynamic programming.Journal of Control
and Cybernetics, 35(3):721–748, 2006.

[26] J-F. Raskin and V. Bruyère. Real-time model checking:Parameters everywhere. InProc. of the 23rd Conf.
on Foundations of Software Technology and Theoretical Computer Science (FSTTCS’03), volume 2914 of
LNCS, pages 100–111. Springer-Verlag, 2003.

[27] O. Strichman. Tuning SAT checkers for bounded model checking. InProc. of the 12th Int. Conf. on Computer
Aided Verification (CAV’00), volume 1855 ofLNCS, pages 480–494. Springer-Verlag, 2000.
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A. Appendix

In this section we provide the proofs omitted from the text. Throughout this part we puts → s′, where

s, s′ are states of a modelM , if there exists somei ∈ N such thats
i
→ s′. Letπ be a path in a modelM

andc ∈ N, and denote∆c
π = max{i | δi

π ≤ c}.

Lemma 3.1. LetM = (S, s0,→,L) be a timed Kripke structure,α ∈ vRTCTL andυ – a parameter
valuation. Denote bynmax the greatest time label of a time transition present inM. ThenM,s |=υ

α ⇐⇒ M,s |=υ′ α, whereυ′(Θ) = min(nmax · |M |, υ(Θ)) for each parameterΘ.

Proof:
The proof goes by the structural induction. We omit the easy basic cases and focus onEU andEG
modalities. Notice thatυ′(Θ) ≤ υ(Θ) for all the parametersΘ, therefore alsoυ′(η) ≤ υ(η) for any
linear expressionη.
Let us start with showing thats |=υ EG

≤ηα iff s |=υ′ EG≤ηα. If s |=υ EG
≤ηα, then from the existence

of a pathπ such thatπ(0) = s andπ(i) |=υ α for all i ≤ ∆
υ(η)
π , the fact that∆υ′(η)

π ≤ ∆
υ(η)
π and the

inductive assumption we obtains |=υ′ EG≤ηα.
On the other hand, ifs |=υ′ EG≤ηα, we consider two cases. The first case, whenυ′(η) = υ(η) is trivial,
so let us assume thatυ′(η) < υ(η). Notice thatυ′(η) ≥ nmax · |M |, and consider a pathπ′ satisfying

π′(0) = s andπ′(i) |=υ′ α for all i ≤ ∆
υ′(η)
π′ . Now, due to the fact that the longest finite path built from

the distinct states inM is of length at most|M |, and its time length is smaller or equal to(|M |−1)·nmax,

we obtain that∆υ′(η)
π′ ≥ |M |. Therefore, there existl < k ≤ |M | such thatπ′(k) → π′(l). Define the

pathπ as follows:

π(i) =

{

π′(i) for i < k

π′(l + (i− k)mod(k − l)) for i ≥ k.

This path satisfiesπ(0) = s andπ(i) |=υ′ α for all i ≤ ∆
υ(η)
π , from whichs |=υ EG

≤ηα follows by the
inductive argument.
Consider the case ofs |=υ EαU≤ηβ iff s |=υ′ EαU≤ηβ. If s |=υ EαU≤ηβ then there exists a path

π such thatπ(0) = s, and for somei ≤ ∆
υ(η)
π we haveπ(i) |=υ β, andπ(j) |=υ α for all j < i.

Again, we consider two cases and omit the easy case ofυ′(η) = υ(η). Assume thatυ′(η) < υ(η), from

which we obtain the fact that∆υ(η)
π > |M |. Therefore, as previously, there existl < k < |M | such that

π(k)→ π(l). By consecutive removal of blocks such asπ(l), . . . , π(k− 1) from π, we eventually arrive

at the pathπ′ such that for somei < |M | ≤ ∆
υ′(η)
π′ we haveπ′(0) = s, π′(i) |=υ β, andπ′(j) |=υ α for

all j < i. Thus, by the inductive assumptions |=υ′ EαU≤ηβ follows.

Finally, if s |=υ′ EαU≤ηβ, thens |=υ EαU≤ηβ follows from the fact that∆υ′(η)
π ≤ ∆

υ(η)
π and the

inductive assumption. ⊓⊔

Lemma 4.1. Letk, l ∈ N such thatk ≤ l, Mk be thek–model ofM, ands – a state. Consider a formula
α ∈ vRTECTL together with a parameter valuationυ, and a sentenceβ ∈ PRTECTL. The following
conditions hold:

(1). Mk, s |=υ α impliesMl, s |=υ α, andMk, s |= β impliesMl, s |= β,

(2). Mk, s |=υ α impliesM,s |=υ α, andMk, s |= β impliesM,s |= β,
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(3). M,s |=υ α impliesM|M |, s |=υ α, andM,s |= β impliesM|M |, s |= β.

Proof:
Let us focus on the implications concerningα formulae ofvRTECTL. We start with the first implication
and omit the basic case of atomic subformulae and their negations as trivial. Letα, β be formulae
satisfying the considered property, thenMk, s |=υ α ∧ β iff Mk, s |=υ α andMk, s |=υ β, from
which by the inductive assumption follows thatMl, s |=υ α andMl, s |=υ β which is equivalent to
Ml, s |=υ α ∧ β. The case of disjunction follows similarly. For the case ofMk, s |=υ EXα let us notice
that a finite pathπk in Mk such thatπk(0) = s andMk, πk(1) |=υ α is a prefix of some finite path in
Ml, thereforeMl, s |=υ EXα. Now, the case ofMk, s |=υ EG

≤ηα can be divided into two subcases.
If υ(η) < δπk

, then defineπl as some finite path inMl containingπk as a prefix. Ifυ(η) ≥ δπk
, then

there exists an infinite pathπ along whichα holds (see the proof of Lemma 3.1). Defineπl as a prefix
of length l of π. In both the casesα holds alongπl, thereforeMl, s |=υ EG≤ηα. In the final case of
Mk, s |=υ EαU

≤ηβ let us notice that if for some pathπk in Mk we haveπk(0) = s, Mk, πk(i) |=υ β,

Mk, πk(j) |=υ α for all 0 ≤ j < i andi ≤ ∆
υ(η)
πk

then the same path is a prefix of some path inMl, thus
Ml, s |=υ EαU

≤ηβ.
The second implication is proved by the structural induction, similarly to the above reasoning. The only
nontrivial case is when we considerMk, s |=υ EG≤ηα. Notice that ifυ(η) < δπk

, then a finite path

along whichα is satisfied up to∆υ(η)
πk

steps can be extended to an infinite path (due to the fact that the
transition relation is total). On the other hand, ifυ(η) ≥ δπk

, then the finite path along whichα is
satisfied contains a loop, and can be transformed into infinite path by traversing the loop, as in the proof
of Lemma 3.1.
In the proof of the last implication we focus on two modalities, starting from the case ofM,s |=υ

EG≤ηα. If this formula is valid, then there exists an infinite pathπ in M such thatπ(0) = s and

M,π(i) |=υ α for all 0 ≤ i ≤ ∆
υ(η)
πk

. There are two possible subcases. We omit the easier subcasewhen

∆
υ(η)
πk
≤ |M |. If ∆

υ(η)
πk

> |M |, then the pathπ contains a loop with a return from positionl ≤ |M |.
Therefore, by unwinding a loop inπ we can create an infinite path such thatα is satisfied in each of
its positions – also along a prefix of length|M |. ConsideringM,s |=υ EαU≤ηβ, notice that there

exists an infinite pathπ in M such thatπ(0) = s and for somel ≤ ∆
υ(η)
πk

we haveM,π(l) |=υ β and
M,π(i) |=υ α for all 0 ≤ i < l. Again, there are two subcases. We omit the easier case ofl ≤ |M |. If
l > |M |, then there existn,m ∈ N such thatn < m ≤ l, andπ(n) = π(m). By consecutive elimination
of blocks of typeπ(n+1), . . . , π(m), as in the proof of Lemma 3.1, we eventually obtain a pathπ′ such
thatπ′(0) = s, π′(j) |=υ β for somej ≤ |M |, andπ′(i) |=υ α for all i < j.
The part concerningβ sentences ofPRTECTL is obtained by straightforward induction with respect to
the number of quantifiers, and using the results proven above. ⊓⊔

Lemma 5.2. Let α ∈ vRTECTL, Mk be thek-model andυ – a parameter valuation. For any state
s present in some path ofMk, Mk, s |=υ α if and only if there exists a submodelM ′

k of Mk such that
M ′

k, s |=υ α and |Path′k| ≤ fk(α).

Proof:
The ”if” part follows directly from Lemma 5.1. For the ”only if” part, we use the structural induction.
The base cases ofMk, s |=υ p andMk, s |=υ ¬p are trivial. Notice thatMk, s |=υ α∨ β iff Mk, s |=υ α
orMk, s |=υ β. From the inductive assumption there isM ′

k such thatM ′
k, s |=υ α and|Path′k| ≤ fk(α),
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or M ′
k, s |=υ β and |Path′k| ≤ fk(β). ThusM ′

k, s |=υ α ∨ β and |Path′k| ≤ max(fk(α), fk(β)) =
fk(α ∨ β).
Recall thatMk, s |=υ α ∧ β iff Mk, s |=υ α andMk, s |=υ β. By the inductive assumption there exist
submodelsM ′′

k andM ′′′
k of Mk such thatM ′′

k , s |=υ α, |Path
′′
k| ≤ fk(α) andM ′′′

k , s |=υ β, |Path
′′′
k | ≤

fk(β). Consider the submodelM ′
k such thatPath′k = Path′′k ∪ Path

′′′
k , then from Lemma 5.1 and

the inclusionsM ′′
k ⊆ M ′

k,M
′′′
k ⊆ M ′

k we obtainM ′
k, s |=υ α ∧ β. Moreover,|Path′k| ≤ |Path

′′
k| +

|Path′′′k | ≤ fk(α) + fk(β) = fk(α ∧ β).
Now consider the case ofMk, s |=υ EXα. From the definition of bounded semantics we obtain that there
is somek–pathπk ∈ Pathk, such thatπk(0) = s andMk, πk(1) |=υ α. From the inductive assumption
there exists a submodelM ′′

k such thatM ′′
k , πk(1) |=υ α and|Path′′k| ≤ fk(α). Define the submodelM ′

k

havingPath′k = Path′′k ∪ {πk}. Then fromπk ∈ Path
′
k and Lemma 5.1 we obtainM ′

k, πk(1) |=υ α,
thereforeM ′

k, s |=υ EXα. Moreover,|Path′k| ≤ |Path
′′
k|+ 1 ≤ fk(α) + 1 = fk(EXα).

Let us move to the case ofMk, s |=υ EG
≤ηα. We have to consider two subcases. In the first case there

exists a pathπk ∈ Pathk such that∆υ(η)
πk

< k, πk(0) = s andMk, πk(i) |=υ α for all 0 ≤ i ≤ ∆
υ(η)
πk

.

LetM i
k denote a submodel ofMk such thatM i

k, πk(i) |=υ α and|Pathi
k| ≤ fk(α) for 0 ≤ i ≤ ∆

υ(η)
πk

.
DefineM ′

k such thatPath′k =
⋃

0≤i≤∆
υ(η)
πk

Pathi
k∪{πk}. Then by Lemma 5.1 we haveM ′

k, πk(i) |=υ α

for all 0 ≤ i ≤ ∆
υ(η)
πk

, thusM ′
k, s |=υ EG

≤ηα. From the inductive assumption we obtain

|Path′k| ≤
∑

0≤i≤∆
υ(η)
πk

|Pathi
k|+ 1 ≤ (k + 1) · fk(α) + 1 = fk(EG

≤ηα).

We deal with the subcase of∆
υ(η)
πk
≥ k in a similar way.

In the final case ofMk, s |=υ EαU≤ηβ there exists a pathπk ∈ Pathk and0 ≤ j ≤ ∆
υ(η)
πk

such
thatMk, πk(j) |=υ β andMk, πk(i) |=υ α for all 0 ≤ i ≤ j. From the inductive assumption there
exists a submodelM j

k satisfyingM j
k , πk(j) |=υ β and|Pathj

k| ≤ fk(β), and submodelsM i
k such that

M i
k, πk(i) |=υ α for all 0 ≤ i < j and|Pathi

k| ≤ fk(α).DefineM ′
k such thatPath′k =

⋃

0≤l≤j Path
l
k∪

{πk}. Then, by Lemma 5.1 we haveM ′
k, πk(i) |=υ α for all 0 ≤ i < j, andM ′

k, πk(j) |=υ β. As from
the latter followsM ′

k, s |=υ EαU
≤ηβ and

|Path′k| ≤
∑

0≤i<j

|Path′k|+ |Path
j
k|+ 1 ≤ j · fk(α) + fk(β) + 1

≤ k · fk(α) + fk(β) + 1 = fk(EαU
≤ηβ),

we conclude the proof of this case and of the lemma. ⊓⊔


